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Abstract. In this paper, we establish a Bochner type formula on Alexandrov spaces with 
Ricci curvature bounded below. Yau's gradient estimate for harmonic functions is also ob- 
tained on Alexandrov spaces. 



1. Introduction 

The study of harmonic functions on Riemannian manifolds has been one of the basic topic 
in geometric analysis. Yau in ll50l and Cheng-Yau in ifTOl proved the following well known 
gradient estimate for harmonic functions on smooth manifolds (see also |48l ). 

Theorem 1.1. (Yau 11501 , Cheng-Yau IfTOl ) Let M" be an n-dimensional complete noncom- 
pact Riemannian manifold with Ricci curvature bounded from below by —K, (K ^ 0). Then 
there exists a constant C„, depending only on n, such that every positive harmonic function u 
on M n satisfies 



lvio gM |<c„(V^ + -L) 

R 



in any ball B p (R). 



A direct consequence of the gradient estimate is the Yau's Liouville theorem which states 
a positive harmonic function on a complete Riemannian manifold of nonnegative Ricci cur- 
vature must be constant. 

The main puipose of this paper is to extend the Yau's estimate to Alexandrov spaces. 
Roughly speaking, an Alexandrov space with curvature bounded below is a length space X 
with the property that any geodesic triangle in X is "fatter" than the corresponding one in the 
associated model space. The seminal paper [6] and the 10th chapter in the book [2] provide 
introductions to Alexandrov geometry. 

Alexandrov spaces (with curvature bounded below) generalize successfully the notion 
of lower bounds of sectional curvature from Riemannian manifolds to metric spaces. In 
the last few years, several notions for the Ricci curvature bounded below on general met- 
ric spaces appeared. Sturm ll45l and Lott-Villani |[28l l29l . independently, introduced a so 
called curvature-dimension condition on metric measure spaces, denoted by CD(K, n). The 
curvature-dimension condition implies a generalized Brunn-Minkowski inequality (hence 
also Bishop-Gromov comparison and Bonnet-Myer's theorem) and a Poincare inequality 
(see P31 l28l l29l ). Meanwhile, Sturm B31 and Ohta 11311 introduced a measure contraction 
property, denoted by MCP(K, n), which is a slight modification of a property introduced 
earlier by Sturm in R6l and in a similar form by Kuwae and Shioya in |[23l l24ll . The con- 
dition MCP(K, n) also implies Bishop-Gromov comparison, Bonnet-Myer's theorem and a 
Poincare inequality (see B31I3T1 ). 

In the framework of Alexandrov spaces, Kuwae-Shioya in Il22l introduced an infinites- 
imal version of the Bishop-Gromov comparison condition, denoted by BG(K,n). On an 
^-dimensional Alexandrov space with its Hausdorff measure, the condition BG(K,n) is 

l 
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equivalent to MCP{K,n) (see 122)). Under the condition BG(0,n), Kuwae-Shioya in (221 
proved a topological splitting theorem of Cheeger-Gromoll type. In iTSTTl . the authors intro- 
duced a notion of "Ricci curvature has a lower bound K", denoted by Ric ^ K, by averaging 
the second variation of arc-length (see 071 ). On an ^-dimensional Alexandrov space M, 
the condition Ric > K implies that M (equipped its Hausdorff measure) satisfies CD(K, n) 
and BG(K, n) (see [383 and Appendix in ED). Therefore, Bishop-Gromov comparison and a 
Poincare inequality hold on Alexandrov spaces with Ricci curvature bounded below. Further- 
more, under this Ricci curvature condition, the authors in iTSTl proved an isometric splitting 
theorem of Cheeger-Gromoll type and the maximal diameter theorem of Cheng type. Re- 
mark that all of these generalized notions of Ricci curvature bounded below are equivalent to 
the classical one on smooth Riemannian manifolds. 

Let M be an Alexandrov space. In 11331 . Ostu-Shioya established a C'-structure and a 
corresponding C°-Riemannian structure on the set of regular points of M. Perelman in ll35l 
extended it to a DC 1 -structure and a corresponding BV^-Riemannian structure. By applying 
this DC 1 -structure, Kuwae-Machigashira-Shioya in |[T9l introduced a canonical Dirichlet 
form on M. Under a DC 1 coordinate system and written the BV^-Riemannian metric by 
(gij), a harmonic functions u is a solution of the equation 



in the sense of distribution, where g = det (gij) and (g lJ ) is the inverse matrix of (gij). By 
adapting the standard Nash-Moser iteration argument, one knows that a harmonic function 
must be locally Holder continuous. More generally, in a metric space with a doubling mea- 
sure and a Poincare inequality for upper gradient, the same regularity assertion still holds for 
Cheeger-harmonic functions, (see JB1CLH1 for the details). 

The classical Bernstein trick in PDE's implies that any harmonic function on smooth Rie- 
mannian manifolds is actually locally Lipschitz continuous. In the language of differential 
geometry, one can use Bochner formula to bound the gradient of a harmonic function on 
smooth manifolds. The well known Bochner formula states that for any C 3 function uona 
smooth ^-dimensional Riemannian manifold, there holds 



But for singular spaces (including Alexandrov spaces), one meets serious difficulty to study 
the Lipschitz continuity of harmonic function. Firstly, due to the lacking of the notion of 
second order derivatives, the Bernstein trick does not work directly on singular spaces. Next 
one notes the singular set might be dense in an Alexandrov space. When one considers the 
partial differential equation (11.11 ) on an Alexandrov space, the coefficients yjgg'i might be not 
well defined and not continuous on a dense subset. It seems that all PDE's approaches fail to 
give the Lipschitz continuity for the (weak) solutions of dl.lb . 

The first result for the Lipschitz continuity of harmonic functions on Alexandrov spaces 
was announced by Petrunin in iHTTl . In BUI . Petrunin developed an argument based on the 
second variation formula of arc-length and Hamitlon-Jacobi shift, and sketched a proof to the 
Lipschitz continuity of harmonic functions on Alexandrov spaces with nonnegative curvature, 
which is announced in PT1 . In the present paper, a detailed exposition of Petrunin's proof 
is contained in Proposition [53] below. Furthermore, we will prove the Lipschitz continuity 
of solutions of general Poisson equation, see Corollary !5.5l below. In [21], Koskela-Rajala- 
Shanmugalingam proved that the same regularity of Cheeger-harmonic functions on metric 



(1.1) 




(1.2) 



A|Vw| 2 = 2\V 2 u\ 2 + 2 (Vu, VAu) + 2Ric(Vu, Vw). 
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measure spaces, which supports an Ahlfors regular measure, a Poincare inequality and a 
certain heat kernel condition. In the same paper, they gave an example to show that, on a 
general metric metric supported a doubling measure and a Poincare inequality, a harmonic 
function might fail to be Lipschitz continuous. In |[52l . based on the Lipschitz continuity of 
harmonic functions and a representation of heat kernel in lfl9ll . we proved that every solution 
of heat equation on an Alexandrov space must be Lipschitz continuous. Independently, in 
iTTTTl . by applying the contraction property of gradient flow of the relative entropy in L 2 - 
Wasserstein space, Gigli-Kuwada-Ohta also obtained the Lipschitz continuity of solutions 
of heat equation on Alexandrov spaces. 

Yau's gradient estimate in the above Theorem ll.ll is an improvement of the classical Bern- 
stein gradient estimate. To extend Yau's estimates to Alexandrov spaces, let us recall what 
is its proof in smooth case. Consider a positive harmonic function u on an ^-dimensional 
Riemannian manifold. By applying Bochner formula (11.21 ) to log u, one has 

AQ> -Q 2 - 2(Vlogw, V<2) - 2KQ, 
n 

where Q = |Vlogw| 2 . Let be a cut-off function. By applying maximum principle to the 
smooth function <pQ, one can get the desired gradient estimate in Theorem ll.il In this proof, 
it is crucial to exist the positive quadratic term - Q 2 on the RHS of the above inequality. 

Now let us consider an ^-dimensional Alexandrov space M with Ric > -K. In iPTTTl . 
Gigli-Kuwada-Ohta proved a weak form of the r2-condition 

A|Vw| 2 > 2 <Vm, VAw) - 2K\Vu\ 2 , for all u e D(A) n W l '\M). 

This is a weak version of Bochner formula. If we use the formula to log u for a positive 
harmonic function u, then 

AQ > -2 (V log u, V<2) - 2KQ, 

where Q = |V log u\ 2 . Unfortunately, this does not suffice to derive the Yau's estimate because 
the positive term ^Q 2 vanishes. The first result in this paper is the following Bochner type 
formula which keeps the desired positive quadratic term. 

Theorem 1.2. Let M be an n-dimensional Alexandrov space with Ricci curvature bounded 
from below by —K, and Q. be a bounded domain in M. Let f(x, j); fix [0, +oo) — > R. be a 
Lipschitz function and satisfy the following: 

(a) there exists a zero measure set N c Q. such that for all s ^ 0, the functions /(•, s) 
are differentiable at any x e Q\N; 

(b) the function f(x, •) is of class C 1 for all x € Q. and the function j^(x, s) is continuous, 
non-positive onQx [0, +oo). 

Suppose that u is Lipschitz on Q. and 

- \ (Vw, V0> dvol = J 4> ■ f(x, |Vw| 2 )vol 
for all Lipschitz, function (f> with compact support in Q.. 

9 12 

Then we have |Vm| € W /o '~(f2) and 
-J (y<p,\Vu\ 2 )dvol 

>2 J y . ( L ( ^ Vm| ) + ^ Vm , V/(jc, |Vm| 2 )) - K\Vu\ 2 )dvol 
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for all Lipschitz function <p > with compact support in Q, provided |Vw| is lower semi- 
continuous at almost all x £ Q. (That is, there exists a representative of | Vw|, which is lower 
semi-continuous at almost all x e Q..). 

Instead of the maximum principle argument in the above proof of Theorem 11.11 we will 
adapt a Nash-Moser iteration method to establish the following Yau's gradient estimate, the 
second result of this paper. 

Theorem 1.3. Let M be an n-dimensional Alexandrov space with Ricci curvature bounded 
from below by —K (K > 0), and let Q be a bounded domain in M. Then there exists a constant 
C = C(n, V^diam(Q)) such that every positive harmonic function u on Q satisfies 

max |Vlogw| < C{VK+ -) 

xeB„(§) R 

for any ball B p (R) c Q. IfK - 0, the constant C depends only on n. 

We also obtain a global version of the above gradient estimate. 

Theorem 1.4. Let M be as above and ube a positive harmonic function on M. Then we have 

|V log m| < C nX 

for some constant C„ t K depending only on n, K. 

The paper is organized as follows. In Section 2, we will provide some necessary materials 
for calculus, Sobolev spaces and Ricci curvature on Alexandrov spaces. In Section 3, we will 
investigate a further property of Perelman's concave functions. Poisson equations and mean 
value inequality on Alexandrov spaces will be discussed in Section 4. Bochner type formula 
will be established in Section 5. In the last section, we will prove Yau's gradient estimates on 
Alexandrov spaces. 

Acknowledgements. We are grateful to Prof. Petrunin for his patient explanation on his 
manuscript HOI . We also would like to thank Dr. Bobo Hua for his careful reading on the 
first version of this paper. He told us a gap in the previous proof of Proposition 15.31 The 
second author is partially supported by NSFC 10831008. 

2. Preliminaries 

2.1. Alexandrov spaces. Let (X, | - -|) be a metric space. A rectifiable curve y connecting 
two points p, q is called a geodesic if its length is equal to \pq\ and it has unit speed. A metric 
space X is called a geodesic space if every pair points p,q e X can be connected by some 
geodesic. 

Let k e R and / e N. Denote by Mi the simply connected, /-dimensional space form of 
constant sectional curvature k. Given three points p, q, r in a geodesic space X, we can take 
a comparison triangle Apqr in the model spaces such that \pq\ = \pq\, \qr\ = \qr\ and 

\fp\ = \rp\. If k > 0, we add assumption \pq\ + \qr\ + \rp\ < In/ Vk. Angles Ikpqr := Lpqf are 
called comparison angles. 

A geodesic space X is called an Alexandrov space (of locally curvature bounded below) if 
it satisfies the following properties: 

(i) it is locally compact; 

(ii) for any point x e X there exists a neighborhood U x of x and a real number k such that, 
for any four different points p, a, b, c in U x , we have 

l K apb + l K bpc + l K cpa ^ 2n. 
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The Hausdorff dimension of an Alexandrov space is always an integer. Let M be an n- 
dimensional Alexandrov space, we denote by vol the n-dimensional Hausdorff measure of 
M. Let p e M, given two geodesies y(t) and cr(s) with y(0) = cr(0) = p, the angle 

Zy' (O)cr'(O) := lim 7 K y{t)pcr{s) 

is well defined. We denote by Y! p the set of equivalence classes of geodesic y(f) with y(0) = p, 
where y(t) is equivalent to cr(s) if Zy'(0)o~'(0) = 0. The completion of metric space (L' p , Z) is 
called the space of directions at p, denoted by Y, p . The tangent cone at p, T p , is the Euclidean 
cone over E p . For two tangent vectors u, v e T p , their "scalar product" is defined by (see 
Section 1 in 091 ) 

{u,v):= l -{\u\ 2 + \v\ 2 -\uv\ 2 ). 

For each point x t p, the symbol Tp denotes the direction at p corresponding to some 
geodesic px. We refer to the seminar paper [6] or the text book for the details. 

Let p € M. Given a direction £ e E p , there does possibly not exists geodesic y(t) starting 
at p with y'(0) = To overcome the difficulty, it is shown in Q6l that for any p € M and any 
direction £ € ~L p , there exists a quasi-geodesic y : [0, +oo) —> M with y = p and y'(0) = 
(see also Section 5 of HO). 

Let M be an ^-dimensional Alexandrov space and p e M. Denote by ( |[33l ) 

W p := {x € M\{/?} | there exists y e M such that j + x and |py| = \px\ + |xy|). 

According to IT531 , the set Wp has full measure in X. For each x € Wp, the direction Tp is 
uniquely determined, since any geodesic in M does not branch ((6[). Recall that the map 
log p : W p -> Tp is defined by log p (*) := |pac|- Tp (see l39l ). We denote by 

W p := log p (Wp) c Tp. 

The map log p : Wp — » is one-to-one. After Petrunin in |[37l , the exponential map exp p : 
r p — > M is defined as follows. exp p (o) = p and for any v € 7p\{o}, exp p (v) is a point on 
some quasi-geodesic of length |v| starting point p along direction v/\v\ € Z p . If the quasi- 
geodesic is not unique, we fix some one of them as the definition of exp p (v). Then exp p \yy p 
is the inverse map of log p , and hence exp p \yy p : W p —> W p is one-to-one. If M has curvature 
> k on B P (R), then exponential map 

exp p : B (R) nW p cT p —> M 

is an non-expending map (O), where T p is the ^-cone over Z p and o is the vertex of T p . 

A point p in an n-dimesional Alexandrov space M is called to be regular if its tangent 
cone T p is isometric to Euclidean space R" with standard metric. A point p e Mis called a 
singular point if it is not regular. Denote by S m the set of singular points of M. It is shown 
(in Section 10 of (61) that the Hausdorff dimension of S m is < n - 1 (see (HO). Remark 
that the singular set S m is possibly dense in M (see |[33l ). It is known that M\5 m is convex 
071 . Let p be a regular point in M, for any e > there is a neighborhood fip(r) which is 
bi-Lipschitz onto an open domain in R" with bi-Lipschitz constant 1 + e (see Theorem 9.4 of 
1H). Namely, there exists a map F from B p (r) onto an open domain in R" such that 

n A . TO - F(y)\\ v c R , v . 

(1 + e) < ; — ; < 1 + 6 Vije Bp(r), x ± y. 

\xy\ 
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A (generalized) C 1 -structure on M\S m is established in ll33l as the following sense: there 
is an open covering {U a } of an open set containing M\S m, and a family of homeomorphism 
(p a : U a -> O a c R" such that if U a C\Up±®, then 

is C 1 on (f>fj((U a n Up)\S m)- A corresponding C°-Riemannian metric g on M\S m is intro- 
duced in ll33l . In j35l . this C^-structure and the corresponding C°-Riemannian metric has 
been extended to be a DC 1 -structure and the corresponding BV° f -Riemannian metric. More- 
over, we have the following: 

(1) The distance function on M\S u induced from g coincides with the original one of 
M(il); 

(2) The Riemannian measure on M\S m coincides with the Haudorff measure of M, that 
is, under a coordinate system (U, <p), the metric g = (gij), we have 

(2.1) dvol(x) = ^det(g((f>(x)))dx l A • • • A dx" 

for all xeU\S M (Section 7 in 11531 ). 

A point p is called a smooth point if it is regular and there exists a coordinate system ({7, 0) 
around p such that 

(2.2) \gij(cf>(x)) - 8ij\ = o(\px\), 

where (gy) is the corresponding Riemannian metric (see 113311 ) near p and is the identity 
n x « matrix, the set of smooth points has full measure IT351 . 

Lemma 2.1. Let p e M be a smooth point. We have 

dvol(x) 

(2-3) TTTT^TT- 1 =<<r), VveB (r)nW p , 

where x = exp p (v), and 

(2.4) H"(B {r) n W p ) > H n {B {r)) ■ (1 - o(r)) 

where H" is n-dimensional Hausdorff measure on T p . 

Proof. Let (U, cf>) be a coordinate system such that cp(p) = and B p (r) c U. For each 
v e B a (r) nW p c T p , 

dvo\{x) = ^&et[gij{<p{x)j\dx l A • • • A <ix' ! , 
where x = exp p (v). Since is regular, T p is isometric to R n . We obtain that 

dH n (y) = dH"(o) = dx 1 A • • • A dx" 

for all v e T p . We get 

dvo\(x) I 

- 1 - V defe ^ (x))] - 

Now the estimate (12.31) follows from this and the equation (12.21) . 
Now we want to show (12.4b . 

Equation (12.21) implies that (see [35]) for any x,y € 5 p (r) c £/, 

||xy| - U(x) - <f>(y)\\\ = o(r 2 ). 
In particular, the map <p : U — > R" satisfies 

# p (r))D8„(r-^)). 
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J<t(BJrT) y 



vol(BJr)) = Jd&t(gij)dx l A • • • Adx" 



}<t>(B„(r)) ' '' J 

> H'\<p(B p (r))) • (1 - o{r)) > H n (B (r - o{r 2 ))) • (1 - o{r)) 
= H'\B {r)) • (1 - o{r)). 

On the other hand, because exp p : B (R) n W p c T p — > M is an non-expending map (10), 
where T p is the k-cone over and o is the vertex of T p , we have 

expp : B (R) nW p czT p ^M 

is a Lipschitz map with Lipschitz constant 1 + 0(r 2 ). Hence we get 

H'\B {r) n W p ) ■ (1 + 0(r 2 )) > vol(S p (r)). 

Therefore, by combining with equation (12- 5b . we have 

H n {B (r) n *g > H\B {r)) • (1 - <9(r 2 )) • (1 - o(r)) - H'\B {r) ■ (1 - o{r)). 

This is the desired estimate (I2.4I ). □ 

Remark 2.2. If M is a C 2 -Riemannian manifold, then for sufficiently small r > 0, we have 



dvol(jc) 



= <9(r 2 ), V v € S c (r) c T p and x = exp (v). 



rf//"(v) 

Let M be an Alexandrov space without boundaiy and Q. c M be an open set. A locally 
Lipschitz function / : Q. — > R is called to be /l-concave ((33) if for all geodesies y(t) in Q, 
the function 

/ o y(?) - A ■ t 2 /2 

is concave. A function / : Q. —> R is called to be semi-concave if for any x € Q., there 
exists a neighborhood of U x B x and a number A x e R such that f\y x is /l v -concave. In fact, 
it was shown that the term "geodesic" in the definition can be replaced by "quasigeodesic" 
( ll36l |39l ). Given a semi-concave function / : M — > R, its differential d p f and gradient 
V p f are well-defined for each point p e M (see Section 1 in ||39l for the basic properties of 
semi-concave functions). 

From now on, we always consider Alexandrov spaces without boundary. 
Given a semi-concave function / : M — > R, a point p is called a f -regular point if /? is 
smooth, dpf is a linear map on T p (= R") and there exists a quadratic form H p f on T p such 
that 

(2.6) /(*) = /O) + d p f (ft) ■ \xp\ + l -H p f{r p , tp • \px\ 2 + o(\px\ 2 ) 

for any direction T*. We denote by Regf the set of all /-regular points in M. According to 
11351 , Regf has full measure in M. 

Lemma 2.3. Let f be a semi-concave function on M and p e M. Then we have 

(2.7) £ ^ ^ (f{x) - f{p))dvo\{x) = -^j ■ £ d p M)dt + o(r), 

where j B fdvo\ - vol 1 (fi) J B fdvol. Furthermore, if we add to assume that p € Regf, then 
(2-8) £ (f(x) - f(p))dvol(x) = ' £ + o{f2) - 
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Proof. According to Theorem 10.8 in B, we have 

rfvol(exp (v)) vol(B„(r)) 

Similar as in the proof of equation (12.41) . we have 

vol(5 (r) n W p ) > H n (B (r)) • (1 - o(l)). 
Since f(x) - f(p) = d p f(V p ) ■ \px\ + o{\px\), we get 

f (f(x)-fip))dvo\(x) 

JB„(r) 

= f (d p f(v) + o(\v\))(l+o(l))dH"(v). 

JB„(r)nW n 



(2.10) ~ 3pir) 



On the other hand, from (12.91) . we have 



f d p f(v)dH n (v) < 0(r) ■ H n {B (r)\W p ) < o(r n+1 ). 

JB B (r)W p 



By combining this and (12.101) . we obtain 



f (/(*) - Rp))dvo\(x) = ^^TT f d p f{v)dH'\v) + o(r 
JB p (r) v 1 vol(S p (r)) J Bo(r) 

= f d p f{v)dH n {v){\+o{\)) + o{r) 

JB (r) 

= f d p f(v)dH n (v) + o{r) 

JBJr) 



f d„M)dt + o(r). 
1 + 1 Js„ 



This is equation (I2.7I ). 

Now we want to prove (12.81) . Assume that p is a /-regular point. From (12.6b and Lemma 
12.11 we have 

r - /o>)WoKx) 

(2-11) J ^ 

(V(v) + -# P /(v, v) + o(|v| 2 )) • (1 + o{r))dH n {v). 

JB (r)nW p Z 

Using Lemma |2~T1 again, we have 

I f d p f{v)dH n < 0{r) ■ H n {B {r)\W p ) = 0{r) ■ o(r) ■ H n (B (r)) = o(r" +2 ). 

1 JB (r)W p 

Noticing that f B d p f{v)dH n = 0, we get 

(2.12) f d p f(v)dH" = o(r n+2 ). 

JB (r)nW p 

Similarly, we have 



(2.13) f H p f(v,v)dH n = f H p f(v,v)dH n + o 

JB (r)nW„ JB (r) 
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From (12.1 1 b — (12- 131) and Lemma |2~T1 we have 

f (/(*) - /(p)Vvol(x) = ^tt^ f #„/(v, v)dH" + o(r 2 ) 

= f // p /(v,vM//"(l+ (r))+ (r 2 ) 

= ^TT^f H p f{t,t)dt + o{r 2 ). 
2(n + 2) J £p 

This is the desired (12.81) . □ 

Given a continuous function g defined on B p (Sq), where Sq is a sufficiently small positive 
number, we have 




for almost all r e (0, 6q). 

Lemma 2.3' Let f be a semi-concave function on M and p e M. Assume Sq is a sufficiently 
small positive number. Then we have, for almost all r € (0, Sq), 

(2.14) f (f{x) - f(p))dvol(x) = nr ( d p M)d% + o(r). 

JdBp(r) Jz p 

Furthermore, if we add to assume that p € Regf, then we have, for almost all r € (0, So), 

(2.15) f (f{x) - f(p))dvo\(x) = r - ■ f H p m + o(r 2 ). 

JdB p (r) 1 Js p 

2.2. Sobolev spaces. Several different notions of Sobolev spaces have been established, 
see |[8l IT9l l43l l20l l24lP1 . They coincide each other on Alexandrov spaces. 

Let M be an ?i-dimensional Alexandrov space and let Q be a bounded open domain in M. 
Given u e C(Q). At a point p e Q, the pointwise Lipschitz constant ([8]) and subgradient 
norm ( QUI ) of u at x are defined by: 

t • , s r \f(x)-f(y)\ , .. (f(x)-f(y)) + 

Lipu(x) := hmsup ■ — ■ and |V u\(x) := hmsup ■ — ■ , 

hx \xy\ y ^ x \xy\ 

where a + = max{a, 0}. Clearly, |V~w|(x) < Lipu(x). It was shown in Il30ll for a locally Lips- 
chitz function u on Q., 

|V _ w|(x) = Lipu(x) 

for almost all x € 

Let x e Q. be a regular point, We say that a function u is differentiable at x, if there exist 
a vector in T x (= R"), denoted by Vw(x), such that for all geodesic y(t) : [0, e) — > Q with 
y(0) = x we have 

(2. 16) «(y(0) = u(x) + t ■ (Vu(x), y'(0)> + o(?). 

Thanks to Rademacher theorem, which was proved by Cheeger (8[ in the framework of gen- 
eral metric measure spaces with a doubling measure and a Poincare inequality for upper 

'in t8l 1201 l43l 1241 . Sobolev spaces are defined on metric measure spaces supporting a doubling property 
and a Poincare inequality. Since CI is bounded, it satisfies a doubling property and supports a weakly Poincare 
inequality 1191 . 

2 See Remark 2.27 in 1301 and its proof. 
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gradients and was proved by Bertrand [3i] in Alexandrov space via a simply argument, a lo- 
cally Lipschitz function u is differentiable almost everywhere in M. (see also (32].) Hence 
the vector Vw(x) is well defined almost everywhere in M. 

Remark that any semi-concave function / is locally Lipschitz. The differential of u at 
any point x, d x u, is well-deflned.(see Section 1 in II391 .) The gradient V x u is defined as the 
maximal value point of d x u : B {\) c T x — > R. 

Proposition 2.4. Let u be a semi-concave function on an open domain Q c M. Then for any 
x e Q\S m> we have 

|V x w| < IVhKjc). 

Moreover, ifu is differentiable at x, we have 

\V x u\ - |V~w|(x) - Lipw(x) - \Vu(x)\. 

Proof. Without loss of generality, we can assume that |V T w| > 0. (Otherwise, we are done.) 
Since x is regular, there exists direction -V y m. Take a sequence of point {yj}J = i such that 

lim yj = x and lim Jx - ~ ^ — : ■ 
By semi-concavity of u, we have 

u(yj) - u{x) < \xyj\ ■ (v x u, fj) + A\xyj\ 2 /2, j = 1, 2, • • ■ 
for some A e R. Hence 

- \V x u, TJ) < ; ; + A\xyj\/2, j = 1,2,- • • 

\ ' \xyj\ 

Letting j — > oo, we conclude |V x m| < |V~m|(x). 

Let us prove the second assertion. We need only to show Lip«(x) < | Vm(x)| and | Vm(jc)| < 
\V x u\. Since u is differentiable at x, we have 

u(y) - u(x) = \xy\ ■ (Vu(x), f x } + o{\xy\) 

for all y near x. Consequently, 

\u(y) - u{x)\ = \xy\ • | (Vu(x), f x ) \ + o(\xy\) < \xy\ ■ \Vu(x)\ + o(\xy\). 

This implies that Lip«(x) < |Vw(x)|. 

Finally, let us show |Vw(x)| < \V x u\. Indeed, combining the differentiability and semi- 
concavity of //. we have 

\xy\ ■ (Vu(x), f x ) + o(\xy\) = u(y) - u(x) < \xy\ ■ (V x u, f x ) + A\xy\ 2 /2 

for all y near x. Without loss of generality, we can assume that |Vm(x)| > 0. Take y such that 
direction arbitrarily close to Vm(x)/|Vw(x)|. We get 



|Vm(x)| 2 < {V x u, Vw(x)> < \V x u\ ■ |Vw(x)|. 



This is |V r «| < |Vw(x) 



According to this Proposition 12.41 we will not distinguish between two notations V Y w and 
Vw(x) for any semi-concave function u. 
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We denote by Lipi oc (Q) the set of locally Lipschitz continuous functions on Q, and by 
Lipo(Q.) the set of Lipschitz continuous functions on with compact support in Q. For any 
1 < p < +00 and u € Lipi oc (Q.), its W l,p (Q.)-norm is defined by 

IMIwi/>(n) : = IMIiP(fl) + l|LipM||iP(n)- 
Sobolev spaces W l ' p (Q.) is defined by the closure of the set 

{u e Lip ioc (Q)\ IMI w i,2 (n) < +00}, 

under W 1 ' p (Q)-norm. Spaces W ' P (D) is defined by the closure of Lipo(£l) under W 1,p (Q)- 
norm. (This coincides with the definition in 00, see Theorem 4.24 in JSJ.) We say a func- 
tion u e Wji ' P (Q) if u e W l,p (Q!) for every open subset Q! <& Q.. According to Kuwae- 
Machigashira-Shioya [19] (see also Theorem 4.47 in |8]), the "derivative" Vw is well-defined 
for all u e W hp (Q) with 1 < p < 00. Cheeger in Theorem 4.48 of 00 proved that W hp (Q) is 
reflexive for any 1 < p < 00. 

2.3. Ricci curvature. For an Alexandrov space, several different definitions of "Ricci cur- 
vature having lower bounds by K" have been given (see Introduction). 

Here, let us recall the definition of lower bounds of Ricci curvature on Alexandrov space 

in in. 

Let M be an ^-dimensional Alexandrov space. According to Section 7 in O, if p is an 
interior point of a geodesic y, then the tangent cone T p can be isometrically split into 

T p = L p xR-y', v = (v ± ,t). 

We set 

A p = {{eL p : £ | = 1}. 

Definition 2.5. Let o~(i) : (-1, €) — » M be a geodesic and {go-(o(£)l-f<f<f be a family of 
functions on A cr ( / ) such that g a ^) is continuous on for each ? e (-(, I). We say that 
the family {go-(t)(0}-€<t<€ satisfies Condition (RC) on cr if for any two points q\,qi £ cr and 
any sequence {0/}™ j with 0y — > as j — » 00, there exists an isometry T : E gi — » E g2 and a 
subsequence of such that 

<\qiq 2 \ + (h-hH€,Y)'8j 

+( ^_^_^. ( , ;+;i ., 2+ , )Hl _ fe/)2H? 



for any h,l2> and any £ e S, 



'/1 • 



If M has curvature bounded below by Icq (f° r some ko £ R), then by Theorem 1.1 of 
|[37l (or see Theorem 20.2.1 of HI), the family of functions {ga-(t)(0 - ko}-€<t<€ satisfies 
Condition (RC) on cr. In particular, if a family {ga-(t)(^)}-t<t<t satisfies Condition (RC), then 
the family {ga-(t)(0 v ko)-t<t<t satisfies Condition (RC) too. 



Definition 2.6. Let y : [0, a) — > M be a geodesic. We say that M has /?icci curvature bounded 
below by K along y, if for any 6 > and any < to < a, there exists t = £(to,e) > 
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and a family of continuous functions {gy(t)(^)}t -e<t<t +e on K y ( t) such that the family satisfies 
Condition (RC) on y\(t ~{, t +f) an d 

(2.18) (n-l)--f gyQi&dt > K - e, W e (to - £,t + Q, 

We say that M has Ricci curvature bounded below by K, denoted by Ric(M) > K, if each 
point x e M has a neighborhood U x such that M has Ricci curvature bounded below by K 
along every geodesic y in £/ v . 

Remark 2.7. Let M be an ^-dimensional Alexandrov space with curvature > k. Let y : 
[0, a) — > M be any geodesic. By ll37l . the family of functions [g y (t)(^) '■- k}o <t<a satisfies 
Condition (RC) on y. According to the Definition 12.61 we know that M has Ricci curvature 
bounded from below by (n - l)k along y. Because of the arbitrariness of geodesic y, M has 
Ricci curvature bounded from below by (n - \)k. 

Let M be an ^-dimensional Alexandrov space M having Ricci curvature ^ K. In ll38l 
and Appendix of 11511 . it is shown that metric measure space (M, d, vol) satisfies Sturm- 
Lott-Villani curvature-dimension condition CD(K, n), and hence measure contraction prop- 
erty MCP(K,n) (see B31I3TI . since Alexandrov spaces are non-branching) and infinitesimal 
Bishop-Gromov condition BG(K,n) ( ll22l . this is equivalent to MCP(K,n) on Alexandrov 
spaces). Consequently, M satisfies a corresponding Bishop-Gromov volume comparison 
theorem P31I221 and a corresponding Laplacian comparison in sense of distribution ll22l . 

3. PERELMAN'S CONCAVE FUNCTIONS 

Let M be an Alexandrov space and x e M. In [34], Perelman constructed a strictly concave 
function on a neighborhood of x. This implies that there exists a convex neighborhood for 
each point in M. In this section, we will investigate a further property of Perelman's concave 
functions. 

In this section, we always assume that M has curvature bounded from below by k (for 
some k eW). 

Let /:ficM->Ibea semi-concave function and x e Q.. Recall that a vector v s e T x is 
said to be a supporting vector of / at x (see |[39l ) if 

d*/(f)<-<v„f> for all f el,. 

The set of supporting vectors of / at x is a non-empty convex set (see Lemma 1.3.7 of |[39l ). 
For a distance function / = dist p , by the first variant formula (see, for example, |2]). any 
direction i s a supporting vector of / at x + p. 

Proposition 3.1. Let f : Q. c M — » Wbe a semi-concave function and xefl. Then we have 

[ d x f(&d{<o. 

Furthermore, if f is a distance function f = dist p and x ± p, the " = " holds implies that 
T? is uniquely determined and max^x,- 1£, | = n. 

Proof. Let v s be a support vector of / at x, then 
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Without loss of generality, we can assume v s + 0. (If v s - 0, then d x f{^) < 0. We are done.) 
Setting 770 = e E x , we have 

d x M) < - (v s , = -\v s \ ■ COS(|77o, f|) V f € E. r . 

Denote D = max^ e £ r |f , 770I. By using co-area formula, we have 

/:= f -|v,| ■ f cos(|ifo,f|)# = -|v,|- f cos?-A(0^, 

Js v Je v Jo 

where A(f) - vol„_ 2 ({f e E, : \{, Vo \ = t}). 
If D < tt/2, then / < 0. 

We consider the case D > n/2. Since E Y has curvature ^ 1, by Bishop-Gromov compari- 
son, we have 



vo\ n - 2 (dB (7T - t) c 
vol„_ 2 (5fl o (0 c S"" 1 ) 



for any f < tt/2. Hence 

— < - I cos ? • A(f)d* - I cos ? • A(f)d* 

Kl Jo X/2 

< - I cos t • A{n - t)dt - I cos t ■ A{t)dt 

JO Jtt/2 

= f cos t ■ A(t)dt < 0. 
Jd 

Moreover, if / = 0, then D = n. 

If / = cf/sfp, then v, can be chosen as any direction \ p x . When / = 0, we have 

(3-1) d x f(t) = -{f x ,t), VfeE. r , 

and 

max |f , f x I = 7r. 

The left-hand side of (13.11) does not depend on the choice of direction f^. This implies that 
1 X is determined uniquely. □ 

Lemma 3.2. Given any n € N arcc? a?ry constant C > 0, we can find do = Sq(C, n) satisfying 
the following property: for any n-dimensional Alexandrov spaces E" with curvature > 1, 1/ 
f/zere en's? < 8 < 8q and points {pj}^ =1 c E" smc/z f/zaf 

(3.2) IPiP;l><5 (i*/), N:=#{ Pj }>C-8-" 
and 

(3.3) rad(/?y) := m^\pjq\ = n for each 1 < j < N, 
then E" « isometric to 

Proof. We use an induction argument with respect to the dimension «. When « = 1, we take 
#o(C, 1) = C/3. Then for each 1-dimensional Alexandrov space E 1 satisfying the assumption 
of the Lemma must contain at least three different points p\,p2 and p^ with rad(p,) = n, 
i— 1, 2, 3. Hence E 1 is isometric to S 1 . 
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Now we assume that the Lemma holds for dimension n—1. That is, for any C, there exists 
6o(C,n - 1) such that any (n - l)-dimensional Alexandrov space satisfying the condition of 
the Lemma must be isometric to S . 

We want to prove the Lemma for dimension n. Fix any constant C > and let 

10 C 

(3.4) 6 (C,n) = min{— ■ 6 (— ■ (10/S) l ~ n ,n- l), l). 

Let 2," be an ^-dimensional Alexandrov space with curvature > 1. Suppose that there 
exists < 8 < 8q(C, n) and a set of points [p a } N =1 c TP such that they satisfy (13.21 ) and (13.31) . 

Let q\ € E" be the point that \piqi\ = n. Then Z" is a suspension over some (n - 1)- 
dimensional Alexandrov space A of curvature > 1 and with vertex p\ and q\, denoted by 
X" = S(A). We divide I" into pieces A\, A 2 , ••• , A/, • • • , Aj as 

A, = {xeZ": (6/10) ■ I < \x Pl \ < (5/10) • (/ + 1)}, 0< Z </:= [-£-], 

o/ 10 

where [a] is the integer such that [a] < a < [a] + 1. Then there exists some piece, say A/ , 
such that 

„ N N (<5<0 C , 

(3.5, Wl := #(A,„ n lPj f M ) > _ > > - • 

Notice that 

AiUA 2 c fl Pl ((5/2) and Aj U A M c fl 4l (5/2), 

we have l $ {1,2, Z- 1,Z}. 

We denote the points A/ D {p a } N =l as (x/, ?,)^' 1 c 5 (A) (= X"), where je,- e A and < t t < n 
for 1 < i < Ni. Let y,- be the geodesic p\{xuti)q\ and p,- = y,- D dB pi ((Jo + 1) • 5/10). By 
triangle inequality, we have 

(3-6) \pipj\ > A . & 

Applying cosine law, we have 

cos(|pip)|) = cas(\pipi\) ■ cosQpipjl) + sin(|pip;|) • sia(\p{pj\) • cos(|x ; x ; |) 
for each i ± j. Since \pip~i\ = \p{pj\, we get 

(3.7) \x iX j\ > \pipjl 

By the assumption ( 13.31 ), there exist points (jc;, f;) e X n ( = 5(A)) such that 

\{Xi, ti), (Xi, t t )\ = 71 

for each 1 < i < JVi. By using the cosine law again, we have 

-1 = cos(|(jc,-, ti)(x~i, tj)\) = cos tj • cos tj + sin • sinfj- • cos(|jc,-jc,-|) 

= cos(?,- + tj) + sin?,- ■ sin?; • (cos(|jc,-j^|) + 1) 

> COS(?; + ti). 

By combining with < Zj- < 7r, we deduce 

(3.8) \xjXj\ = n and ti + U = n. 

By the induction assumption and d3-4b — ( f3T8T >. we know A is isometric to S" _1 . Hence E" is 
isometric to S". □ 
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Lemma 3.3. (Perelman's concave function.) Let p e M. There exists a constant r\ > 
and a function h : B p (r\) — > R satisfying: 

( i) his (-1 )-concave; 

( ii) h is 2-Lipschitz, that is, h is Lipschitz continuous with a Lipschitz constant 2; 
(Hi) for each x e B p (r\), we have 

(3.9) f djMQdftO. 

Moreover, if" - " holds, then x is regular. 

Proof. Let us recall Perelman's construction in |[34l . Fix a small ro > and choose a maximal 
set of points {q a }^ =l c dB p (ro) with Lq a pqp > 8 for a + 8, where (5 is an arbitrarily (but 
fixed) small positive number 8 «: ro. By Bishop-Gromov volume comparison, there exists a 
constant C\, which is independent of 8, such that 

(3.10) N>Cx-8 l ' n . 
Consider the function 

1 N 
h(y) = --Yj^y\) 

a=l 

on B p {r\) with < r\ < ^ro, where 0(f) is a real function with <f>'{f) = 1 for ? < ro - 8, 
(p'(t) = 111 for t > r + 8 and = -1/(48) for f e (r - 5, r + 8). 

The assertions (i) and (ii) have been proved for some positive constant r\ <sc ro in |[34ll . (see 
also lfT5l for more details). The assertion (iii) is implicitly claimed in Petrunin's manuscript 
BD1 . Here we provide a proof as follows. 

Let x be a point near p. It is clear that (13.91) follows from Proposition 13.11 and the above 
construction of h. Thus we only need to consider the case of 

(3.11) J d x h(€)d£ = 0. 

We want to show that x is a regular point. 

From Lq a pqp ^ Lq a pqp > 8 for a + B and the lower semi-continuity of angles (see 
Proposition 2.8.1 in (6l), we can assume lq a xqp > 8/2 for a + B. Proposition 13.11 and (13.111 ) 
imply that 

J d x dist qa (%)d% = for each 1 < a < N. 
Using Proposition 13. II again, we have 

(3. 12) max | f/ £| = n for each 1 < a < N. 

From Lemma l3T2l and the arbitrarily small property of 8, the combination of (13.101 ) and (13.121 ) 
implies that E v is isometric to § . Hence x is regular. □ 

4. POISSON EQUATIONS AND MEAN VALUE INEQUALITY 

4.1. Poisson equations. Let M be an ^-dimensional Alexandrov space and O be a bounded 
domain in M. In ffHl, the canonical Dirichlet form <g : W u (n) x W U (Q) — > Ris denned by 

g(u, v) - f (Vu, Vv> dvol for w, v € W^ 2 (Q). 
Jo. 
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1 2 

Given a function u e W I( ' )C (Q), we define a functional Jz?„ on Lipo{Q.) by 

££ u {^) = - J (Vw, V0> Jvol, e Lip (Q.). 

When a function u is /i-concave, Petrunin in |[38l proved that «Sf„ is signed Radon measure. 
Furthermore, if we write its Lebesgue's decomposition as 

(4.1) ££ u = Au ■ vol + A s u, 
then A s u < and 

(4.2) Au(p) = n\ H p u(Z, ^ <n-A 



Jx„ 



for almost all points p e M, where H p u is the Perelman's Hessian (see (12.61) or II35I ). 

Nevertheless, to study harmonic functions on Alexandrov spaces, we can not restrict our 
attention only on semi-concave functions. We have to consider the functional for general 
functions in Wj£(£l). 

Let / e L 2 (Q) and u € W^O). If the functional J£ u satisfies 

Sf u {4>)> f ftpdvol (or Sf H Qf>)< f fifidvol) 

for all nonnegative (j> € Lipo{Q), then, according to |[T3l . the functional «5f u is a signed Radon 
measure. In this case, u is said to be a subsolution (supersolution, resp.) of Poisson equation 

se u = /-voi. 

Equivalently, u € W. ' (Q) is subsolution of ££ u = /-vol if and only if it is a local minimizer 
of the energy 



(v)- f (|Vv 
Jn' 



6(v)= I (|Vv| 2 + 2/v)dvol 

in the set of functions v such that u > v and u - v are in W ( j' 2 (f2') for every fixed Q' <s Q,. It 
is known (see for example [25]) that every continuous subsolution of S£ u = on Q. satisfies 
Maximum Principle, which states that 

max u < max u 

xeB xedB 

for any ball Bsfl. 

A function u is a (weak) solution of Poisson equation ££ u = f ■ vol on O if it is both a 
subsolution and a supersolution of the equation. In particular, a (weak) solution of Jtf u = is 
called a harmonic function. 

Now remark that u is a (weak) solution of Poisson equation S£ u = f ■ vol if and only if Jz?„ 
is a signed Radon measure and its Lebesgue's decomposition S£ u = Au ■ vol + A s u satisfies 

Au - f and A s u = 0. 

Given a function / e L 2 (Q) and g e W U (Q), we can solve Dirichlet problem of the 
equation 

\££ u =/-vol 
\u = g\on- 

Indeed, by Sobolev compact embedding theorem (see |[T4l[T9l ) and a standard argument (see, 
for example, lfl2T ). it is known that the solution of Dirichlet problem exists and is unique in 
W l ' 2 (Q.). (see, for example, Theorem 7.12 and Theorem 7.14 in 151.) Furthermore, if we add 
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the assumption / e L s with s > n/2, then the solution is locally Holder continuous in Q. (see 

nana). 

1 2 

Definition 4. 1. A function u e C(Q)D W. ' (O) is called a /l-superharmonic (or /i-subharmonic, 
resp.) on if it satisfies the following comparison property: for every open subset Q' <s Q, 
we have 

H < u, (or 7T > m, resp.), 

where 77 is the (unique) solution of the equation Jz^ = /I • vol in Q! with boundary value u = u 
on dQ.'. 

In particular, a O-superharmonic (or, O-subharmonic, resp.) function is simply said a su- 
perharmonic (or, subharmonic, resp.) function. 

In partial differential equation theory, this definition is related to the notion of viscosity 
solution (see Q)- 

According to the maximum principle, we know that a continuous supersolution of = 
must be a superharmonic function. Notice that the converse is not true in general metric mea- 
sure space (see lfl6l ). Nevertheless, we will prove a semi-concave superharmonic function 
on M must be a supersolution of ££ u = (see Corollary !4.6l below). 

4.2. Mean value inequality for solutions of Poisson equations. Let u e W l,2 (Q.) such that 
££ u is a signed Radon measure on Q. and A i Q be an open set. We define a functional I u j^ 
on W U (A) by 

(4.3) 4,a(£>= f <V«,V0>Jvol+ f fai^ u . 

Ja Ja 

Remark 4.2. (i) If fa, fa G W U (A) and fa - fa e W^ 2 (A), then, by the definition of JS?„, we 
have 4, A (0i) = hAfa)- 

(ii) If M is a smooth manifold and dA is smooth, then Iu^ifa = J A div(0Vw)<ivol. 

Lemma 4.3. Let < ro < Rq and w(x) - tp(\px\) satisfy «Sf M . > on some neighbor- 
hood of B p {Rq)\B p (xo), where <p e C 2 (W). Consider a function v € W ' (B p (Ro)\B p (ro)) n 
L°°(B(/9,i?o)\fi(/' 5 ^o))- Then for almost all r,R e (ro,/?o)> /jave 

= </(#) I vJvol - ^'(r) | vdvol, 

JdB p (R) JdB p (r) 



where A = B p (R)\B p (r). 

Proof. Since J£ w is a signed Radon measure, we have ££ w (B p {Rq)\B p {tq)) < +oo. Hence, for 
almost all r,R € (r ,/? ), -S? W (A 7 -\A) -> as j -> oo, where Aj = B p (R + X)\B p (r - i). Now 
let us fix such r and R. 

Let vj = v TjjQpxD e W^ 2 (D), where D = B p (R Q )\B p (r ) and 

1 if fe[r,fl] 

y • (f - r) + 1 if te[r-X,r\ 

-j-{t-R) + \ if f€ [R,R +i] 

if ?e (-oo, r- j)U(tf + j,oo). 
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By the definitions of I w ^a{v) and Jz? w , we have 

(4.4) / w ,a(v)= I (Vw, Vv/) Jvol - I (Vw,Vv/)rfvol + ( Vjd5? w - \ Vjd^ w 
Jd Jd\a Jd Jd\a 

= - I v ( Vw, V77A cfvoi - I ?7y < Vw, Vv> dvol - I Vjd^ w 
Jd\a Jd\a Jd\a 

:= -Jy - J2 - J3- 



Notice that 



|/ 2 |< f |Vw| • |Vvk2vol and |/ 3 |< J§?w(Ay\A) • |v| L ~ (D) , 

J A :\A 



lAj\A 

Hence we have J 2 — » and / 3 — > as j — > 00. 

(4.5) Ji = j • I vtp'dvol - j • I vi/Jvol. 

JB p (r)\B p (r-l/j) J B „(R+ i / j)\B „(R) 

The assumption v e L°°(D) implies the function /?(?) = f vJvol is Lipschitz continuous 

JB p \t) 

in (ro,/?o)- Indeed, for each ro < s < t < Ro, 

\h(t) - h(s)\ < f |v|</vol < |v| L - • vol(S p (0\B p (5)) < c • (/" - /), 

JB p (f)\B p (i) 

where constant c depends only on R , n and the lower bounds of curvature on B p (R ). Then 
h(t) is differentiable almost all t € (ro,/?o)- By co-area formula, we have 



i'{i)= f 

JdB 



h'(t) = vdvol 

)dB p (t) 

for almost all t € (r ,R ). 

Without loss of generality, we may assume that r and R are differentiable points of function 
h. Now 



< \ max|^"| • |v|c?vol -> 

3 p (r)\B p (r-l/j) 



j f ip' vdvol - <p'(r) ■ j(h(r) -h(r-l 

JB p (r)\B p (r-llj) " 

f 

JB p (r)\B p (r-\l 

as 7 — » 00. The similar estimate also holds for 7 f„ ,„ , . „ w'vcfvol. Therefore, 

J J JB p (R+l/j)\B p (R) T 

lim /j = lim <p'(r) ■ j(h(r) - h(r - l/j)) - lim <p'(R) ■ j(h(R + l/j) - h(R)) 

J—¥ CO j— > CO ^ 7 7 — » CO ^ ' 

= <p'{r)h'{r) - <p'(R)h'(R). 
By combining this and (14.4b . we get the desired assertion. □ 

If M has Ric ^ (n- 1)&, then for a distance function dist p (x) := |px|, Laplacian comparison 
(see Theorem 1.1 and Corollary 5.9 in Il22l ) asserts that 5£&st i s a signed Radon measure and 

■Zdistp < (n - 1) • cot* oj/^p • vol on M\{p}. 

Moreover, G(x) :- (pk(\px\) is defined on M\{p) and 

JS? G > on M\{p}, 
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where <pk{r) is the real value function such that (p o dist is the Green function on M£ with 
singular point o. That is, if n > 3, 

1 f°° 

(4.6) fa(r)=- ~ 

(n - 2) • J r 

where <y n _i = vol(S' l_1 ) and 

sin( VI?)/ VI > 

k = 



sinh( V^IO/ V 1 ! £<0. 



If n = 2, the function fa can be given similarly. 

By applying the Lemma 1431 to function G, we have the following mean value inequality 
for nonnegative supersolution of Poisson equation. 

Proposition 4.4. Let M be an n- dimensional Alexandrov space with Ric > (n — \)k and Q. 

be a bounded domain in M. Assume that f e L°°(Q) and u is a continuous, nonnegative 
supersolution of Poisson equation ££ u - f ■ vol on Q. Then for any ball B„(R) <e O, we have 

vol(Sp)/ 1 r 
(4.7) — — v -\ r- udvol-u(p) 

0>n-\ \H n -\dB {R) C T k p ) J dBp (R) 

<(n-2)- f Gfdvo\-(n-2)-fa{R) \ fdvol, 

Jb* p (r) Jb,,(R) 

where B* p (R) = B p (R)\{p} and T k p is the k-cone over £„ (see p. 354). 

Proof. For simplicity, we only give a proof for the case n 3. A slight modification of the 
argument will prove the case n = 2. 



Case 1: Assume that u is a solution of «Sf M = / • vol. 

Let G(x) - fa(\px\), where the real function fa is chosen such that fa(\ox\) is the Green 
function on with singular point at o. Then, by Laplacian comparison theorem (see ll22l 
or (5H), the signed Radon measure ££q is nonnegative on M\{p}. 

Since u is continuous on B p (R), the function h(s) - j B udvol is Lipschitz. From Lemma 

14.31 we have 

1g,a{u) = flfi) ■ h'{t) - fa k {s) ■ h'{s) 

for almost all s, t € (0,R) with s < t, where A = B p (t)\B p (s). By the definition of supersolu- 
tion of Poisson equation, we have 

Ig.a(u) - I uA (G) - f ud£t G - f Gd££ u >- f G fdvol. 

J A J A J A 

On the other hand, letting 



G(x) = 



G(x) 
fait) 
fa(s) 



if 
if 
if 



s < \px\ < t 
\px\ > t 
\px\ < s, 
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we have 



f <VG,Vw> = f (V(G-0*(O),Vk)- f (V(G - <f> k (s)),Vu) 

J A JB„(t) JB p ( S ) 

JA JBJt) Jb„(s) 



?p(0 

Hence, by J2?„ = / ■ vol, 



r u AO = Mt) f /rfvol-0 fc (j) f /rfvol. 



If we set 
then the function 



<A(r) = #(t) ■ h'(r) - Mr) fdvol, 



(A(t)+ f G/Jvol 

is nondecreasing with respect to t (for almost all t € (0, 7?)). Indeed, for almost all s < t, 

(A(0+ \ Gfdvol - ifr(s) - \ Gfdvol = l GA (u)-l uA {G) + \ Gfdvol >Q. 

JB* p (t) Jb;u) Ja 

Thus by 



1 1 vol(S p ) 1 



(n - T)(o n -x ~ n-2 oj n ^ H"-\dB {t) c 7*)' 
we have 

<p' k (t)h'(t)-<f> k (t) \ fdvol+ \ Gf vol > lim U(s) + \ Gfdvol) 

JBJt) JB'Jt) Jfi*(.v) 



pit) JB* p (t) JB' p (s) 

1 Vol(Z p ) , ^ 

= ~ u(p) 

n — 2 Oi>n~i 

By combining this and h'(s) = J dB „ wcfvol a.e. in (0,/?), we obtain that (14.71) holds for almost 
allr € (0,/?). 

By combining the Bishop-Gromov inequality on spheres (see or Lemma 3.2 of E3), 
the assumption u > and the continuity of m, we have 

(4.8) liminf I j«/vol ^ I wcfvol. 

r-^ - JdBpir) JdB p (R) 

Therefore, we get the desired result for this case. 
Case 2: u is a supersolution of Jz?„ = / • vol. 

For each R > 0, let H be a solution of Jz^ = / -vol on B p (7?) with boundary value condition 
H — u on dB p {r). Since J^_ H ^ 0, by maximal principle, we get u(p) < w(p). Therefore, by 
applying Case 1 to w, we get the desired estimate. □ 

Corollary 4.5. Let M, O, u and f be as above. If p is a Lebesgue point of f, i.e., 

(4.9) f fdvol = f(p) + o(l), 

JB p (R) 
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then 

- -r f u(x)dvol < u(p) + ^ • R 2 + o(R 2 ). 

H"- l (dB (R)czT k p )J d B p{ R) 2n 



Proof. By using ( 14.71 ), we have 

(4.10) - r f udvol - u(p)< (n - 2) • 

H"-HdB (R)cT k p )J d B p (R) vol(S p ) 

where 

£>(/?) - f G/Jvol - f fdvol 

JB* p (R) JtSpiR) 



= f f <Pk{s)f - MR) f f /• 

JO JdB„(s) JO JdB n (s) 



>dB„(s) JO JdB„(s) 

Hence, by ( 14.91 ), we have 

Q'(R) = -cf>' k (R) f fdvol 
Jb p (R) 



R 

-A 

v ) JB„ 



volgp) X g^Qjjr vol(fl p (fl)) 
(n - 2M,_! ' (/?) ' H"(B a (R) c 7p J B/R) 



vol(E D ) R 

(_ + o(/?) ) . (i + 0(1)) . + o( l)) 



(n - 2)w„_i n 
vol(Ep) 



«(« - 2)a>„_i 
Hence, noting that p(0) = 0, we get 

vol(Ep) , , 

(4- 1 1) p(R) = - - \f /(p) • R 2 + o(R 2 ). 

2n(n - 2)u) n -i 

Therefore, the desired result follows from (14.101 ) and (14.111) . □ 

Corollary 4.6. Let M be an n-dimensional Alexandrov space with Ric > (n — \)k and Qbe a 
bounded domain in M. Let u be a semi-concave function on Q and f e L°°(Q). Then u is a 
supersolution of ' Jz? M - / • vol provided it satisfies the property: for each point p e Reg u and 
every sufficiently small ball B p (R) <e Q., we have 

(4. 12) u R - u < 0, 

where the function Hr is the (unique) solution of Dirichlet problem : 

j>^=/-vol mB p {R) 
\ur = u on dB p (R). 

In particular, a semi-concave superharmonic function must be a supersolution of the equa- 
tion S£ u = 0. 

Proof. Since the singular part of ££ u is non-positive, we need only to consider its absolutely 
continuous part Aw • vol. 

Fix a point p € Reg u such that (14.21 ) holds and p is a Lebesgue point of /. Since the set of 
such points has full measure in O, we need only to show that Aw(p) < f(p). 
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We set 

8r( x ) - u ( x ) ~ min ur(x) and 'gR(x) = Hr(x) - min ur(x). 

xeB p (R) xeB„(R) 

Then g R < g R and g«|dB ;j («) < gR\dB„(R)- Noting that the functions J R is nonnegative and 
J&j, R = f • vol. By Corollary 14.5 1 and p is regular, we have 

(4.13) f gR = f g { a"1awcr;).U) + % + ^)) 

JdB p (R) JdB p (R) 2-n 

< • H"-\dB (R) c rj) + • (o n -i + o(R n+1 ). 

On the other hand, since p € Reg gR , from (12.151) and (14.21 ). we have 

(4. 14) f gR = g R {p) ■ vo\{dB p {R)) + ^EIr^ . vol(dB p (R)) + o(R n+l ) 

JdB p (R) ln 

for almost all R e (0, So), where 6o is a small positive number. Because p is a smooth point, 
Lemma 12.11 implies 

(4. 15) H"-\dB (> {R) c rj) - vo\{dB p {R)) = o(R n ) 

for almost all R e (0, 6 ). 

Now we want to show gR(p) = 0(R). Noticing that (14.121 ) and the fact that u is locally 
Lipshitz (since u is semi-concave), we have 

^ Sr(p) - u (p) ~ min ur(x) + min TIr(x) - min ilr(x) 

x£dB p (R) xndB p (R) x€B p (R) 

(4.16) _ 

< C[R + min ur(x) - min_ «#(*)■ 

xedB p (R) xeB p (R) 

Since /? is sufficiently small, there exists the Perelman concave function h on B p (2R) given 
in Lemma [331 We have 



Hence, by applying maximal principle, we have for any point x e B p (R), 
ur(x) + A(x) > min + \\f\\ L °°h(x)) 

xedB p (R) 

> min ur(x) + ||/||z,°° min /z(x). 

x€dB p (R) ' x€dB p (R) 

Since /? is Lipschitz continuous, this implies that 

min ~ur{x) -ur(x) < ||/||l~(^W _ min h(x)) < C2R 

xedB p (R) x£dB p (R) 



for any point x e B p (R). The combination of this and (14.161 ) implies 
(4.17) g R (p) = 0(R). 

By combining (I4.13M4.15I ) and (14.171 ). we have 

AgR(P V • vol(dBJR)) - < 0(7?) • o(7?' ! ) + o(/?" +1 ) = o(7?' !+1 ) 

In In 

for almost all R € (0, <5o). Hence, AgR(p) < /(/?). Therefore, Aw(/?) < /(/?), and the proof of 

the corollary is completed. □ 
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4.3. Harmonic measure. In this subsection, we basically follow Petrunin in 11401 to consider 
harmonic measure. 

Lemma 4.7. (Petrunin B40I0 Let M be an n- dimensional Alexandrov space with Ric ^ 
(n — \)k and Q. be a bounded domain in M.Ifu is a nonnegative harmonic function on Q, 
then for any ball B p (R) <e O, we have 

1 

VOl(I p )~ £"'(/?) J d B„(R) 

Proof. By the definition, u is harmonic if and only if it is a solution of equation S£ u = 0. Now 
the result follows from (14.71 ) with / = 0. □ 



(4.18) u(p) > : I Mcfvol. 

"""^ Job 



Consider an n-dimensional Alexandrov space M and a ball B p (R) c M. In order to define 
a new measure v p ^r on B p (R), according to iTTBl . we need only to define a positive functional 
on Li P0 (B p (R)). 

Now fix a nonnegative function tp e Lipo(B p (R)). First we define a function p. : (0, R) — > R 
as follows: for each r e (0, R), define 

H(r) := u,-{p), 

where u r is the (unique) solution of Dirichlet problem Jzf„ = in B p (r) with boundary value 
u = ip on dB p {r). 

Lemma 4.8. There exists R > such that /i(r) is continuous in (0,R). 

Proof. From Lemma 11.2 in 0, we know that there exists /? > such that, for all x e 
B p (R)\{p}, we can find a point x\ satisfying 

~ 99 

lpxx\ > ~JoQ n anc ^ IP-^ll ^ 2|/>jc|. 

In particular, this implies, for each r € (0, R), that B p (r) satisfies an exterior ball condition 
in the following sense: there exists C > and 5o > such that for all x € dB p (r) and 
< 5 < do, the set B x (6)\B p (r) contains a ball with radius C6. Indeed, we can choose 
X2 in geodesic xx\ with \xx%\ = 8/3 (with 6 < r/lO). The monotonicity of comparison 
angles says that lpxx2 > Zp«i ^ This concludes \pxj\ > \px\ + 6/6. Therefore, 

5^(5/6) c B x (8)\B p {r). 

Since tp is Lipschitz continuous on B p (r), Bjorn in |5] (see Remark 2.15 in 0) proved that 
u r is Holder continuous on B p (r). 

For any < r\ < r2 < R, by using maximum principle, we have 

\p(r\) - p(r 2 )\ < max \u n (x) - u n {x)\ = max \tp(x) - u n (x)\. 

xedB„(n) - xedB p (ri) 

By combining with the Holder continuity of tp and u n , we have that \p{r\) - pfa)] — > as 
r2 — n — > + . Hence //(r) is continuous. □ 

Remark 4.9. If is a regular point, then the constant R given in Lemma 14.81 can be chosen 
uniformly in a neighborhood of p. 

Indeed, there exists a neighborhood of p, B p (Rq) and a bi-Lipschitz homeomorphism F 
mapping B p (Rq) to an open domain of R" with bi-Lipschitz constant < 1/100. Then for each 
ball B q (r) c B p (R /4) with r < R /4 and x € dB q {r), let x' e R" such that 

\x'F{x)\ = \F{q)F{x)\ and \x'F(q)\ - \F(q)F(x)\ + \F(x)x'\ - 2\F(q)F(x)\, 
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we have 

i 99 / 99 x2 , / 10K2 

\qF~\x')\ > jQQ ]F(q)X 1 * 2 (lbo' aDd 1 Wl * (loo) lXql 

Hence, it is easy check that B q (r) satisfies an exterior ball condition as above (the similar way 
as above). Therefore, the constant R in Lemma l4~8l can be choose Ro/4 for all q e B p (Rq/4). 

Now we can define the functional v Pi r by 



v p ,r(<P) 



From Lemma 14771 we have /i r > 0, and v p ^(ip) > 0. Hence, it provides a Radon measure on 
B p (R). Moreover, it is a probability measure and by (14.1 81 ). 

vol 

(4.19) v„ R > 



H»(B {R)cT k p Y 



Let u be a harmonic function on Q. Then for any ball B p (R) <s CI, we have 
(4.20) w(p) = f m(x)Jv p , r . 

Jb p (R) 

The following strong maximum principle was proved in an abstract framework of Dirichlet 
form by Kuwae in |[25l and Kuwae-Machiyashira-Shioya in |fT9l . In metric spaces support- 
ing a doubling measure and a Poincare inequality, it was proved by Kinnunen-Shanmugalingan 
in |[T8l . Here, by (14.201 ). we give a short proof in Alexandrov spaces. 

Corollary 4.10. (Strong Maximum Principle) Let ube a subharmonic function on a bounded 
and connected open domain fl Suppose there exists a point p e Q.for which u(p) - sup xe£1 u. 
Then u is constant. 

Proof. Firstly, we consider u is harmonic. By (I4.19M4.20I) and that v Pi r is a probability 
measure, we have u{x) = u(p) in some neighborhood B p (R). Hence the set {x e Q. : u(x) = 
u(p)} is open. On the other hand, the continuity of u implies that the set is close. Therefore, 
it is Q and u is a constant in Q. 

If u is a subharmonic function, the result follows from the definition of subharmonic and 
the above harmonic case. □ 

The following lemma appeared in Il40l (Page 4). In this lemma, Petrunin constructed an 
auxiliary function, which is similar to Perelman's concave function. 



Lemma 4.11. (Petrunin H01 ) For any point p e M, there exists a neighborhood B p {r-i) 
and a function h® : B p {r-i) — > R satisfying: 

(i) h (p) = 0; 

(ii) J^/ i0 > 1 • vol on B p (r 2 ); 

( Hi) there are < c < C < oo such that 

c • \px\ < h Q (x) < C • \px\ . 

Proof. A sketched proof was given in HOI . For the completeness, we present a detailed proof 
as follows. 



YAU'S GRADIENT ESTIMATES 



25 



Without loss of generality, we may assume M has curvature ^ - 1 on a neighborhood of p. 
Fix a small real number r > and set 



<M0 



\a + bt 2 ~ n +t 2 t^r 
t>r, 



where a - --^r 2 and b = -Kr". 

n—2 n—2 

Take a minimal set of points {q a }^ =l such that \pq a \ = r and mini <Q .^^ ^(£> T* 1 ) ^ tt/10 for 
each direction f eS ? . Consider 

N 

h Q (x) = 2^ K 

where h a = <f>Qq a x\). Clearly, ho(p) = 0. Bishop-Gromov volume comparison of l, p implies 
that N < c(n), for some constant depending only on the dimension n. 

Fix any small < 8 «: r. For each x € B p {6)\{p\, there is some q a such that Z(fp,Tp" 
) < n/10. When 8 is small, the comparison angle lxq a p is small. Then lq a xp ^ \n. This 
implies that \V x dist q J > 1/ V2, when <5 is sufficiently small. 

Fix any a. Since the function -h a is semi-concave near p, the singular part of ££h a is 
nonnegative. We only need to consider the absolutely continuous part Ah a . By Laplacian 
comparison theorem (see BTj or |[22l0 and a direct computation, we have Ah a (x) > -C8 a.e. 
in B p {8) and Ah a (x) > - CS at almost all points * with IV^dw^J ^ 1/ V2, where C denoted 
the various positive constants depending only on n and r. Indeed, since r - 8 < |g ff ;t| < r + 5, 

Afc a (x) = • Mistq a (x) + (f>"(\q a x\)\Vdist q J 2 

= 2\q a x\ ■ (l - - -) • Adist qo (x) + 2(l + (n - 1)- -) • \V x dist q J 2 

\q a x\ \qa x \ 

+ 2(l+(n-l)^)-|V^J 2 

> -C n - + 2n-\V x dist q f. 

On the other hand, at the points x where Z(Tp, T* 1 ) < tt/10 and \px\ < |p^ ff |/10, we have 

r - \px\ < < r - \px\/2. 

Hence, by applying <p'{r) = and 2n < <p"(t) < 2n ■ 2" for all r/2 < ? < r, it is easy to check 
that there exists two positive number c\,C\ depending only on n and r such that 

ci • \px\ 2 < /iq.(x) = (p(\q a x\) < Ci • \px\ 2 

if r - \px\ < < r - \px\j2. 

Therefore, we have (since for each x e B p (8)\{p), there is some q a such that Ah a (x) > 
n - C8.) 

Ah > n - N ■ CS on B p (5) 

and 

ci • \px\ 2 < /z a (jc) = <p(\q a x\) <NCi- \px\ 2 . 

By N <; c(n) for some constant c(n) depending only on the dimension n, if 8 < (C • c„) _1 , the 
function ho satisfies all of conditions in the lemma. □ 
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Remark 4.12. If p is a regular point, then the constant r2 given in Lemma l4.11l can be chosen 
uniformly in a neighborhood of p. Indeed, in this case, there exists a neighborhood of p 
which is bi-Lipschitz homeomorphic to an open domain of R with an bi-Lipschitz constant 
close to 1 . The constant r and 6 in the above proof can be chosen to have a lower bound 
depending only on the bi-Lipschitz constant. 

Proposition 4.13. (Petrunin RUI ) Given any p e D. and A ^ 0, there exists constants R p 
and c(p, A) such that, for any u € W l,2 (Q) D C(O) satisfing Jzf t( < A ■ vol on Q., we have 

(4.21) I udv pR < u(p) + c(p, A) ■ R 2 

Jb p (r) 

for any ball B p (R) <s Q with < R < R p , where the constant c(p, A) = if A - 0. 

Proof. This proposition was given by Petrunin in fiOl (Page. 5). For completeness, we give 
a detailed proof as follows. 
Case 1: A = 0. 

For each r € (0, R), let u r be the harmonic function on B p (r) with boundary value u r - u 
on dB p (r). Then Jz? u _„ r < and (u - u r )\gB p {r) = 0. By applying maximum principle, we know 
that u — u r > on B p (r). That is, by the definition of p.{r), p(r) < u{p). Therefore, by the 
definition of v p ^, we have 




udv Pi R < u{p). 



Case 2: A > 0. 

Let ho be the function given in Lemma l4.11l we have J£ u -Ah < on B p {r2), where r2 is 
the constant given in Lemma l4.11l Hence, we can use the case above for function u - Ah^. 
This gives us, by Lemma l4.11[ 

u(p) = u{p) - Aho(p) > I (u-Aho)dv p R> I udv P R-C-A-R 2 

Jb„(R) Jb p (R) 

for all < R < r%, where C is the constant given in Lemma l4.11l □ 

Remark 4. 14. If p is regular, according to Remark l4~9l and Remark l4. 121 the constant R p can 
be chosen uniformly in a neighborhood of p. 

The following lemma is similar as one appeared in fl40ll (Page. 10). 

Lemma 4.15. (Petrunin B40H ) Let h be the Perelman concave function given in Lemma U73\ 
on a neighborhood U c M. Assume that f is a semi-concave function defined on U. And 
suppose that u € W * (U) n C(U) satisfies J£ u < A ■ vol on U for some constant ieR. 

We assume that point x* € U is a minimal point of function u + f + h, then x* has to be 
regular. Moreover, f is differentiable at x* (in sense of Taylor expansion (12.161) ). 

Proof. Without loss of generality, we may assume that A > 0. In the proof, we denote 
B X *(R) (c U) by Br. From the minimum property of x* , we have 

(4.22) \ (u + f + h)dv pJ { > u{x*) + /(**) + h(x*). 
Jb r 

By Proposition 14.131 we get 

(4.23) I udv p R < u(x*) + cR 2 

Jb r 
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for some constant c - c(p, A) and for all sufficiently small R. 
On the other hand, setting It = f + h, we have 

(4.24) f hdv p , R = Kx*)+ f (h-h(x*))d(v p , R - ™* f ) 

+ f (h-h(x*))d\ol 

H\B k {R)) J Br 

:= h{x*) + Ji + J 2 , 



where B K a (R) is the ball in T k p . 

snhit7 fnnntinn and — 

»(«*(«)) 



Because h = f + h is a Lipschitz function and ™^f^ = 1 + o(l), we have 



r / vol \ / vol(Sp) \ 

(4.25) |/i|<0(R)- WIvnR r ) = 0(/?)-(l y^-) = o(/?). 

Jb r V P ' H"{B k {R))> V vol(5*(tf)y 

Since h = f + his semi-concave, according to equation (12.71 ). we have 

vol(BJR)) r - - ± 

(4.26) = • f dx-h(£)d% + 

H"(B k (R)) WlJ^ 7 

n + 1 J^, 
By combining (l4.22M4.26b . we have 

By combining with Proposition 13. 1[ 

XJ'Ef* *J^L X * «-*x v * 



we have 



f d x *f(t)dZ= f dx>h({)d{ = 0. 



Then by using Lemma |3~3l (iii), we conclude that is regular. 
Next we want to show that / is differentiable at x*. 
Since x* is regular, we have 



jZ;,, US"-' 



Hence 



r faf(&-<v*f,&)df= f =o. 

On the other hand, by the definition of V T «/ (see Section 1.3 of 11391 ), we have 
The combination of above two equation, we have 

Combining with the fact x* is regular, we get that / is differentiable at x*. 



- 1 



< Sq, for all x,y € D, x t y; 
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We now follow Petrunin in [40] to introduce a perturbation argument. Let u € W 1,2 (D) n 
C(D) satisfy ££ u < A ■ vol on a bounded domain D. Suppose that xo is the unique min- 
imum point of u on D and u(xo) < mm xe Qo u. Suppose also that xo is regular and g = 
(gi> g2, • • • gn) '• D — > R" is a coordinate system around xq such that g satisfies the fol- 
lowing: 

(i) g is an almost isometry from D to g(D) c R" (see 0). Namely, there exists a suffi- 
ciently small number So > such that 

\\g(x)-g (y)\\ 

\xy\ 

(ii) all of the coordinate functions gj, 1 < j < n, are concave ( 041 ). 

Then there exists eo > such that, for each vector V = (v , v 2 , • • • , v") € R" with |v 7 | < eo for 
all 1 < j < n, the function 

G(V,jc) := u(x) + V-g(x) 
has a minimum point in the interior of D, where • is the Euclidean inner product of R" and 

v-g(x) = r j=l v j gj(x). 

Let 

<% - {V € R" : \v j \ < eo, 1 < 7 < n} c R". 
We define p : — > D by setting p(V) to be one of minimum point of G(V, jc). Note that the 
map p might be not uniquely defined. 

The following was given by Petrunin in BD1 (Page 8). For the completeness, a detailed 
proof is given here. 



Lemma 4.16. (Petrunin H4010 Let u, xq, {gj}" =l and p be as above. There exists some 
e e (0, eo) and 5 > such that 

(4.27) \p(V)p(W)\ > S ■ \\V - W\\ V V, W e % + . 

where 

:= {V = (vi, v 2 , • • • , v n ) e R" : < W < 6 for all 1< j < n). 
In particular, for arbitrary e' € (0, e), the image p(%^) has nonzero Hausdorff measure. 

Proof. Without loss of generality, we can assume that A ^ 0. 

Since xo is a regular point, according to Remark l4. 141 the mean value inequality in Propo- 
sition 14.131 holds uniformly on some neighborhood of xo. Namely, there exists neighbor- 
hood U Xo 3 xo and two constants Rq,co such that for any w € W l ' 2 (D) D C(D) satisfying 
S£ w < A • vol, we have 

(4.28) I w dv q R < w(q) + c ■ R 2 

JB q (R) 

for all q e U Xo and all R € (0, R ). 

Noting that G(V, x) = u(x) + V ■ g converges to u as V — > 0, and that xo is the uniquely 
minimal value point of u(x), we can conclude that p(V) converges to xq as V — > 0. Hence, 
there exists a positive number e > such that p(V) € U Xo provided V = (y , ■ ■ ■ , v") satisfies 
|v 7 | < e for all 1 < j < «. From now on, we fix such e and let 

% + ■= {V - (vi, v 2 , • • • , v„) e R" : < v j < e for all 1 < j < n}. 

Let V,W e % + . Denote by p := p(V) andp : = p(W). That means 

G(V,p) < G(V, x) and G(W,p) < G(W, x) 
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for any x € D. Hence, we have 

(4.29) (W - V) ■ g(p) - (W - V) ■ g(x) = G(W,p) - G(V,p) - G(W, x) + G(V, x) 

<G(V,x)-G(V,p) 
<G(V,x)-G(V,p). 

Notice that v 1 > and gj are concave for 1 < j < n. We know that G(V, x) - u{x) + V ■ g(x) 
also satisfies J?Cg(V,x) ^ & ■ vol. By the mean value inequality (14.28b . we have 

(4.30) f (G(V, x) - G(y,p))dv PiR < c • R 2 

Jb p (R) 

for any < R < Ro. We denote 0+ := max{0, 0} for a function <p. It is clear that {<p + a) + < 
(f>+ + \a\ for any a e R.. By combining this and the assumption that g is an almost isometry, we 
have 

f ((W-V)-g(p)-(W-V)-g(x)) + dv p , R 
Jb p (R) 



(4.31) 



: f ((W - V) ■ g(p) - (W - V) ■ g(x)) + dv p , R 
Jb p (R) 

+ \(W-V)-g(p)-(W-V)-g(p)\ 

f ((W-V)-g(p)-(W-V)-g(x)) + dv p<R 
Jbjr) 



Bp(R) 

+ \\g(p)-g(p)\\-\\W-V\\ 



< f ((W - V) ■ g(p) - (W - V) ■ g(x)) + dv p<R + ci • \pp\ ■ \\W - 
Jb p (R) 

where constant c\ depends only on 5q. 
Consider the set 

K := [X € R" | ^ \\X - g(p)\\ < (X - g(p)) • (W - V) < -h\X - g(p)\\ ■ \\V - W\\). 

In fact, K is a trunked cone in W with vertex g(p), central direction -W + V + g{p), cone 
angle I and radius from § to f . 

Since K c B g (p){RI2) and g is an almost isometry with 5 sufficiently small, it is obvious 
that g~ l (K) c B p (R). Hence, we have 

f ((W-V)-g(p)-(W-V)-g(x)) + dv p , R 

JB p (R) 

> f ((W-V)-(g(p)-g(x)) + dv PtR 

(4.32) J *~H*) 

>\\\W-V\\- f ||g(p) - g(x)\\dv pJt 

> ^\\W-V\\-v p , R (g~\K)). 

By the estimate (14.181 ) and that g is 5o-almost isometry, we have 

(4.33) v pR (g l (K)) > r > c 2 

P H»(B (R) c T k p ) 
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for some constant c 2 depending only on Sq and the dimension n, the lower bound k of curva- 
ture. 

By combining (14.29M4.33I) . we obtain 

^ • \\W - V\\ < ci \pp\ ■ \\W - V\\ + coR 2 
for any < R < R - We set 

(4.34) N= H -^ + l. 



Since ||V - W\\ < ne, we get 



Then we have 



cqRq 



* - lOco-AT </?0/1 °- 



c 2 /?' 9 c2-||V-W|| 2 / l 1 v 

c ' ■ W ■ iv - in > -i- ■ iv - wi - ^ = 2 10coA , ( s - w \ 

Now the desired estimate (14.271 ) follows from the choice of 



c 2 



(4.35) 5 := 

v ' 400c • ci • N 

Therefore, the proof of this lemma is completed. □ 

5. Hamilton-Jacobi semigroup and Bochner type formula 

5.1. Hamilton-Jacobi semigroup. Let M be an ^-dimensional Alexandrov space and Q. be 
a bounded domain of M. Given a continuous and bounded function u on Q., the Hamilton- 
Jacobi semigroup is defined by 

\xy\ 2 



Q,u(x) = inf \u(y) + -^-}, t > 



ye£l [ It 

and Qqu(x) :- u(x). Clearly, Q t u is semi-concave for any t > 0, since u(y) + | • y\ 2 /(2t) is 
semi-concave, for each y e Q. In particular, <2 ? w is locally Lipschitz for any t > 0. 
If |xy| > V4f|Mlz,», then 

Ixvl 2 

«(y) + i ^->B(y) + 2|Mk->IMIi,-. 

On the other hand, Q t u(x) < w(x) < ||m||z,°°. We conclude that 

\xy\ 2 

<2,kQc) - Jnf_ \u(y) + — — }, 

veB v (C)nn /f 

where C = V4f|Mlz,°°. Therefore, for any Q' <e O, there exists t = t{Q.' , ||m||l») such that 

(5.1) Q t u{x) = mm\u(y) + ^-\ 

yen 1 2t ' 

for all x e O' and < t < t. 

For convenience, we always set u t := Q t u in this section. 

The following was shown in QUI in framework of length spaces. 
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Lemma 5.1. (Lott-Villani j30l ) (?) For each x € Q! , we have inf u < u t (x) < u{x); 

(ii) lim ; ->o + u t — u in C(Q!); 

(Hi) For any t, s > and any x e Q', we have 

s 2 

(5.2) < u t (x) - u t+s (x) < - • Lip u t , 

where Lipw, is the Lipschitz constant ofu t on Q! (see (Sl/or this notation.); 
(iv) For any t > and almost all x € Q', we have 

,. u t+s (x) - u t (x) \Vu t (x)\ 2 

(5.3) lim = . 

i->o + t 2 

The following lemma is similar to Lemma 3.5 in O. 

Lemma 5.2. Let t > 0. Assume u t is differentiable at x € O'. Then there exists a unique point 
y € Q, such that 

Ixvl 2 

(5.4) u t (x) = u(y) + i^-. 

Furthermore, the direction fi w determined uniquely and 

(5.5) |xy|- fl= -/ • Vk,(x). 

Proof. Now fix a regular point We choose arbitrarily j such that (15.41) holds. Taking any 
geodesic y(s) : [0, e) — > M with y(0) = x, by the definition of u t and (15.4I ). we have 

(5.6) «r(r(*)) - u t (x) < — — — . 

\f x = y, we have Vw ; (x) = 0. Hence equation ( 15.51 ) holds. 

If x ± y, by using the differentiability of u t at x and the first variant formula, we have 

(5.7) u t (y(s)) - u,(x) + d x u t (y'(0)) ■ s + o(s) 
and 

« ^ lyy(^)l 2 M 2 . I*yl ^ , , 

(5.8) — ^ — < — — • (T*, y(0))-s + o(s) 

for any direction 1 X from x to By combining ( 15-61 ) — ( [578] ). we have 

«y(0))<-y'(t';,/(0)) 

for all geodesic y with y(0) = x. For each £ e ~L X , we take a sequence geodesies y(t) starting 
from x such that y'(0) converges to Then we have 

(5-9) d x u t (0<-^-{f x ,i) 
for all £ € I r . 

Since m, is differentiable at x, we know that the direction exists and d x u(-^) = -d x u(£). 
By replacing £ by in the above inequality, we obtain 

Vwf(*) = — - — Ti - 

The left-hand side does not depend on the choices of point y and direction of 1 y x . This gives 
the desired assertion. □ 
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For each t > 0, we define a map F t : Q! — > O by F,(je) to be one of point such that 

r< rm ^ rzr / ^ , \xF t (x)\ Z 

(5.10) h,(x) = u(F t (x)) + — — — . 

According to the Lemma l5T2~l and Rademacher theorem (OO), we have, for almost all x € Q.', 

(5.11) \xF t (x)\ = t ■ \Vu t (x)\. 



By Lemma 15.21 again, F t is continuous at x, where u t is differentiable (since the point y 
satisfying (15.41) is unique). Then F t is measurable. 

In ROl . Petrunin sketched a proof of his key Lemma, which states that, on an Alexandrov 
space with nonnegative curvature, u t is superharmonic on O' for each t > provided u is 
supersolution of ££ u = on O. The following proposition is an extension. 

Proposition 5.3. Let M be an n-dimensional Alexandrov space with Ric > —K and Q be a 

bounded domain ofM. Assume that u e W i,2 (Q.)r\C(Q.), f e L°°(0) is upper semi-continuous 
for almost all x € Q and 

X,<f- vol 

in the sense of measure. Then, for any Q.' <s Q, these exists some to > such that for all 
< t < to, we have 

o „ r n(a — 1) Kt 9 n 

(5. 12) a 2 ■ £e ut <[foF t + - + —{a 2 +a + X)\Vu t \ 2 \ ■ vol 

on Q! for all a > 0. 

Proof. We divide the proof into the following four steps. 
Step 1. Setting up a contradiction argument. 

Since, for almost all x e Q, / is upper semi-continuous and |jeF f (je)| = t\Vu t (x)\, it is 
sufficient to prove that there exists some to > such that for all < t < to, we have 



(5. 13) a 2 ■ Jz?„, < [ sup f(z) + — — — + |-(<? 2 + a + 1) • \xF t (x)\ 2 + o] ■ 



vol 



on Q' for all a > and all 9 > 0. 

For each t > 0, a > and 6 > 0, we set 

(5.14) a 2 -w ta6 (x)= sup f{z) + - - + ^(a 2 + a + 1) • |xF f (x)| 2 + 9. 

zeB FM (0) t 3? 

For each t > 0, a > and > 0, since « f is semi-concave, |V« f | e L°°(Q.') and hence, 
we have w t , a fi £ L°°(Q')- Noting that u t is semi-concave again, it is sufficient to prove that 
u t satisfies the corresponding comparison property in Corollary 14. 61 for all sufficiently small 
t > 0. 

Let us argue by contradiction. Suppose that there exists a sequences of tj —> + as j — > oo, 
a sequence a 7 - > and a sequence 9j > satisfying the following: for each tj ,aj and 9j, we 
can find pj and Rj > with ajRj + Rj — > + and B Pj (Rj) <s Q', such that the corresponding 
comparison property in Corollary 14.61 is false. That is, if the function vj is the solution of 
equation 

&vj = -WtjAjfij ■ vol 
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in B Pj (Rj) with boundary value vj = -u t . on dB Pj {Rj), then the function u t . + vj has a mini- 
mum point in the interior of B Pj {Rj) and 

min (lit. +v,)< min (u t . +v ; ). 
xeB p .(R s ) ' 1 xedB p .(Rj) ' 1 

We call this case that u t . + Vj has a strict minimum in the interior of B Pj (Rj). 

Since Q' is bounded, we can assume that some subsequence of {pj}°° =l converges to a limit 
point poo. Denote the subsequence by {pj}°° ={ again. So we can choose a convex neighbor- 
hood U <e Q. of pa, and a Perelman concave function h on U given in Lemma [331 Since u is 
bounded, by |xF r (je)| 2 < 4f||w||t~(n), we have \xF tj (x)\ — > as j —> oo uniformly on f2'. Now 
we fix some j* so large that 

B Pr (a r R f +R r ) U B Ftf(Pf) (a f R r +R r ) c t/ 
and F f/ ,(x) e U for all x e B Pr (a r R r + R f ). 

Step 2. Perturbing the functions to achieve the minimums at smooth points. 
From now on, we omit the index / to simplify the notations. 

Let x\ be a minimum of u t + v in the interior of B p (R). Because h is 2-Lipschitz on U, for 
any sufficiently small positive number eo, the function 

u t + v + eoh 

also achieves a strict minimum at some point x in the interior of B p (R). Noting that u t is semi- 
concave and w t , a ,9 is bounded and ££ v < ~ w t,a,8 ' vol, according to Lemma 14.151 we know x 
is regular and that u t is differentiable at x. Now we fix such a sufficiently small eo- 

On the other hand, according to the condition Ric ^ —K and Laplacian comparison (see 
ll5Ti or (22l), we have JSJLgp < c(n, K, diamQ). Thus, by the fact h is (-l)-concave, we can 
choose some sufficiently small positive number e' Q such that 

Setting vo = v + eoh + e' Q \xx\ 2 , we have that the function 

u t + vo = u t + v + eoh + e' \xx\ 2 
achieves a unique minimum at x and 

X-o - X + ^eoh+^xxp < &v = ~W t ,a,e ■ vol. 

Consider function 

H(x,y) = vo(x) + u(y)+ 1 -^, (ij)eflxQ. 

Then it achieves a unique strict minimum at (x, F t {x)) e B P (R) x U. Indeed, 

\xF t (x)\ 

H(x,y) > u t (x) + vow > u t {x) + v (x) = u(F t (x)) + — — — + v (x) = H(x,F t (x)). 

Since x. is a regular point and « f is differentiable at x, by Lemma I5T21 the point pair (x, F t {x)) 
is the unique minimum of H in B P (R) x U. 

Applying the fact that h is 2-Lipschitz on U, we know that, for any sufficiently small 
positive number e\ , 

\xy\ 2 



Hi(x,y) := vi(x) + u\(y) + 



It 
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also achieves its a strict minimum in the interior of B p (R) x U, where 

vi(x) = vo(x) + eih(x) and m(y) = u(y) + e\h(y). 

Let (x*,y*) denote one of minimal point of H\. 

By the condition Ric ^ —K and Laplacian comparison (see BT1 or ll22T0 . we have 

^f\ XX '\2 < c(n, K, diamQ) and ^L*| z ^ c ( n > K, diamfl). 

Since 

|xy*| 2 

Hi(x,y*) = v (x) + u\(y*) + — — + e\h(x) 

is continuous and w t , a ,e is bounded, we know that 

c(n, K,diamQ)^ 
^ j. < >^'*i 2 ^ (~ w t,a,e + r- ) • vol «S A • vol 

on B p (R) for some constant A e R and H\(x,y*) has a minimum at x*. By Lemma 14.151 we 
know that x* is regular. The point y* is also regular, by the boundness of / and the same 
argument. 

Let v%{x) - v\{x) + 62\xx*\ 2 and u 2 (y) = "lOO + eilyy* I 2 with any positive number 62- Then 

|xy| 2 

H 2 (x,y) := v 2 (x) + w 2 Cy) + 

achieves a unique minimum point (x*,y*). 

Since (x*, y*) is regular in MxM, now we choose one almost orthogonal coordinate system 
near x* by concave functions g\,gz, • • • ,g n an d another almost orthogonal coordinate system 
near y* by concave functions g n +i, g n +2,' • ' >gin- Using Lemma 14.161 there exist arbitrarily 
small positive numbers b\, b 2 ,--- , b 2n such that 

n In 

H 2 (x,y) + J] fc^-fx) + J] *i«Cy) 

i=l i'=n+l 

achieves a minimal point (x°,y°) near point (x*,y*), where (x°,y°) satisfies the following 
properties: 

(1) x°*y°; 

(2) x° is a djjfyo -regular point and y° is a djtff^ -regular point (hence, they are smooth); 

(3) geodesic x°y° can be extended beyond x° and y°; 

(4) y° is a Lebesgue point of /; 

(5) x° is a Lebesgue point of w^g; 

(6) x° is a Lebesgue point of A(|xy°| 2 ) and y° is a Lebesgue point of Aflj^yl 2 ), 

where A(|xy°| 2 ) (or A(\x°y\ )) is density of absolutely continuous part of Jz^op (or J^j^p, 
resp.). 

Indeed, let be the set of points satisfying all of conditions (l)-(6) above. It is easy to 
check that H 2n ((B p (R) x U)\Jl) = 0. By applying LemmagTU we can find desired (x°,y°). 
Set 

n 2n 

V3OO = v 2 (x) + ^ bigi(x) and u 3 (y) = u 2 (y) + ^ b i8i(y)- 

i=\ i=n+l 

Then 

\xy\ 2 

H 3 (x,y) := v 3 (x) + w 3 (y) + 



It 
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has a minimal value at (x°,y°). 

Step 3. Ricci curvature and second variation of arc-length. 

Let y : [0, s] -> U be a geodesic with x°,y° € y\{y(0), y(s)}. Put x° = y(t x ) and y° = y(t y ) 
with < ^ < ? v < s. Assume that some neighborhood of y has curvature > k , for some &o e 
R. For each ? e (0, J), the tangent cone T y ( t) can be split isometrically into T y ( t ) - R x Ly(r). 
We denote 

A r(f) = I r n L yW - € 2 y(f) | <£,y'> - 0.}. 

Fix an arbitrarily small positive number 63. According the definition of M having Ricci 
curvature > —K along geodesic y (see Definition 12. 6b . for each to e [t x ,t y ], there exists an 
open neighborhood I tQ 3 to and a family functions {g r ( ( )} fs /, o such that {g y (t)}tei, satisfies 
Condition (RC) and 

(5.15) (n - 1) • f g yit) (£W >-K-es, We I tQ . 

JA y( ,) 

It is shown in BTl that 

(5.16) lg r(t) l<C, We 4 

for some constant C depends only on the distance |x°y(0)|, |y°7(j)|, |/^| and the lower bound 
Icq of curvature on some neighborhood of y. For completeness, we recall its proof as follows. 
Since the family {g = ko) satisfies Condition (RC) (see Remark |2"771 ), we can assume that 

8y(t) ^ &o- Otherwise, we replace g y ( t ) by g y ( t ) V ko. On the other hand, for any q\,q2 £ y\i t 
with \q\q2\ > l-^o 1/2, letting isometry T : S ?1 — » S ?2 and sequence <5j be in the definition 
of Condition (RC) (see Definition 12.51 ). by applying equation (12.171 ) with li = 1% — 1 and 
(i;,Y) = 0, we have 

I exp^(^) exp^r^l < | 9l92 | - g 9l (0 • | 9l92 | • <5j/2 + o(^). 

By the concavity of distance functions dist y (p) and dist y (s), we get 

|y(0) exp 91 (<5^)| < | 7 (0) gi | + C koMO)x o\ ■ 8) 

and 

|y(j) exp cn (5jT£)\ < |y(j) g 2 l + Qo,lr(%°l " 6 )- 
Combining with triangle inequality 

|exp ?1 (^) ex Vq2 (5jT%)\ > |y(0) y(s)\ - |y(0) ex P(?1 (<5 y £>| - \y(s) exp ?2 ((5,^)1, 
we can obtain 

2 4 

£91^ ITT7 ' ( c *o,lr(0)^l + c *o,lr(*)yi) 771 ' ( c *o,ly(0).v°| + ChoMwO- 
m<l2\ \*t \ 

All of such neighborhood I tQ forms an open covering of [t x ,t y ]. Then there exists a sub- 
covering I\ , I2, ■ ■ ■ ,Is- Now we divide [t x , t y ] into A^-equal part by 

Xq — X <, X \ , ' ' ' Xffi j * * " 1 Xf\j — xjsj ■ 

We can assume that any pair of adjacent x m , x m +\ lying into some same I a , a e {1,2, • • ■ , 5 }. 

By Condition (RC), we can find a sequence and an isometry To '■ S Vo — > E ri such that 
equation (12.17b holds. Next, we can find a further subsequence {Sij} c {dj} and an isometry 
an isometry T\ : E Xl — > ~L X2 such that equation (12.171) holds. After a finite steps of these 
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procedures, we get a subsequence {Sn-ij} c • • • c {Sij} c {Sj} and a family isometries 
T m : S Y „, — > such that, for each m — 0,1, ...,N — I, 

,mTm^m)\ 

<|x m X m+ i| + (Z2, m - h,m){^m,j') ' ^N-lj 

, /(h,m — h,m) gx m (%m) ' \ x m^m+l\ ,,2 , , , , ,2 A 

+ 6 ('i^+^-^+M 

•(i-<^,y> 2 )-4-u 

for any Zi, m , Z 2 , m > and any e E Tm . 
Denote the isometry T : — > E v o by 

r = 7V_i o • • • o T\ o T . 

It is can be extend naturally to an isometry T : T x o —> T y » . 

We fix a ^ and 

m 

a m = — • (1 — a) + a, m = 0, 1, • • • , TV — 1 . 

We have a m > 0, and - a,a^ - 1. 

To simplify notations, we put = {<5jv-ij} and denote 

W = {v € r A - | € and Tv € 

Claim 1: We have 

f (| exp^T?) exp y0 (r?7)| 2 - K/fV^W 

JB (5j)n^ 

(5.i7) ^ . „ . ( _ af + + 2 + } 

+ (<5'j +2 ). 
By applying Condition (RC), we have 

|exp Vm ((5ya m • exp w ((5ya,„ +1 • &r w+ i)| 

2 ( N ■ (a m - Cl m+ i) 2 gx m (^m)-i 2 , , 2 a 

+ £ •( ^ 6N (a m +a m -a m+1 +a m+1 )j 

-(i-te/> 2 M 

for any Z? € [0, 1] and any £ e E Xo , where ^ - Ixoxjvl - |jc°;v | and 

'■= T m o r m _i o • • • o Tog. 



<— + (flm+l - a m ) -b(£,y) ■ 8j 
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Hence, by combining the triangle inequality, we have 
\exp XQ {6ja Q ■ b%), exp XN (6jd N ■ bi; N )\ 

N-\ 

m=0 

<{ + (a N - a )(£, y')b- Sj 

2 \^ (N • {a m - a m+ \) 2 gx,Mm)-t , 2 , , 2 -A 

+ z > -/jl 2i 6N (a m + a m -a m+l +a m+l )) 

m=0 

•(i-<£/> 2 M 

for any & € [0, 1]. This is, by setting v = bg, 



\ex Px0 (Sjav), ex Pv ,(SjTv)\ 2 - \ X °y°\ 2 



<ll-(\-a) (v, y')-8j + {\- af (v, y'f ■ 5) 

3N 



(5.18) + ^ (N ■ (a m - a m+1 ) 2 - 2*=^ (a 2 + a m • a m+1 + a 2 +1 )) 



m=0 

?2 



•(M 2 -<v,r') 2 )-^ 

+ o{8)) 

for any vector v € fi (l) c T X{) . 

Let ^}(v) be the function defined on B (l) c T XQ by 

^•(v) := lexp^^av), exp r (SjTv)\ 2 - \x°y°\ 2 



2€-{\- a) (v,Y) ■ 6j - (1 - a) 1 (v,y'f ■ 5 2 

V (\t t \2 bX m \Sm) ' 1 i 2 , , 2 -A 

/ • (a m - a OT+ ij — • (a m + a m • a m+ i + a 



3N 

m=0 



•(|v| 2 -(v, r ') 2 )-4 

For any v e B (l), we rewrite (15.18b as 

limsup J^(v)/(5 2 < 0. 

;'-»oo 

Next, we will prove that J^j(v)/6 2 has a uniformly upper bound on B (l). Take the mid- 
point z of x° and y°. By the semi-concavity of distance function dist z , we have 

|z exp^OJy • av)| < \zx°\ - a (v, y') 6j + C ka ^ y o\ ■ S 2 

and 

\z expy,(6j ■ Tv)\ < \zy°\ + (Tv,y')6j + C ko ^ ■ 5 2 . 
By applying triangle inequality, we get 

| exp^cJy • ov) exp >>0 (^ • Tv)\ < \x°y°\ + (1 - a) (v, y') 6j + 2C kolx ^\ ■ 8 2 . 

Hence 

| exp v0 ((5y • av) exp y0 (<5j ■ Tv)\ 2 - \x°y°\ 2 < It • (1 - a) (v, y') 6j + (AC 2 + (1 - a) 2 ) ■ S 2 . 
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By combining with the boundness of g Xm (i.e., equation (15.161) ). we conclude that J^)(v)/<5 2 
C. 

Now, by applying Fatou's Lemma, we have 

limsup — ^— dH n {v) < limsup — '-j-dH n (y) < 0. 



That is, 



f (| exp^ov), exp v0 (5 y rv)| 2 - \x°y°\ 2 )dH"(v) 

Jb (1) 

<2€-(l-a) f (v,y')dH n {v)-5j + {\ -a) 2 f <v,y') 2 dH"(v) ■ 6 2 

N-l „ 

+ Y j (N-(a m - a m+l f ■ I (|v| 2 - <v, y'f )dH'\v) • 8 2 



(5.19) m=0 

I 2 N ~ l 

~3]v'Zi (a ™ + £?m ' £?m+1+a ™+i ) 

m=0 

• f ^„(^)-(M 2 -<v, r ') 2 )j//"(v).5 2 . 



+ o(S 2 ). 
Since x° is regular, we have 

f <v,y')J//» = 0, 

JB (l) 

f <v, r ') 2 ^"(v) = - f |v| 2 J//"(v) = -^i- 

Jb„(1) « Jb (1) «(« + 2) 

and 

f (ivi 2 - <v, y'> 2 )^»(v) = — f M 2 ^(v) = 

Js D (i) V y « Js (i) n(« + 2) 

where aj n -\ = VoKS"" 1 ). 

By equation (15- 15b . and denoting £ m = (^, 8) c ~L Xm , the spherical suspension over A Xm , 
have 

f • (\U 2 - (U y'f )dH n ~\u) 

= f (1- cos 2 0)g Xm &H n - 1 (O 

= f f sin 2 ^ r „,(^)-sin"- 2 M//"- 2 (^)^ 
Jo Ja. v „, 

- f sin"&/0 f g Xm &H"- 2 (^) 
Jo Ja,,„ 



I sin" i 
Jo 



-K-€ 3 K + e 3 

^ sin 8d8 ■ tOn-2 = oj„-\. 

n — 1 « 



YAU'S GRADIENT ESTIMATES 



39 



Hence, we have 



f 8x ,Mt)i\v\ 2 -{v,y') 2 )dH\v) 
Jb (1) 

= V+~i\ 8xn ^ ' (^ m|2 ~ r ' )2 ) dHn ~ l ^ m) 



^ -W„_i. 



n(n + 2) 

Putting these into (15.191) . and combining with a m+ \ - a m - we have 
f (| exp^av), exp v0 ((5 y rv)| 2 - | *°yf W'(v) 

^B (l) 

+ 2) J 



(n - l)a)„-i 2 

H ; ^ — ' O ; 

n(n + 2) ■> 

• ^ (N ■ (a m - a m+1 ) 2 + ^ ■ (a 2 + a m ■ a m+1 + a 2 +1 )) 

m=0 3V( ~" 

+ o{8)) 

n(n + 2) 1 



n(n + 2) 7 3AT(« - 1) a m +\—a n 



+ o{5)) 



• ((1 - a) 2 + £<£±*> • (a 2 + fl + 1)) + o(5 2 ). 



(n + 2) 7 v 3« 
By set ?7 = vdy, we have 



(5.20) JW 



f (| exp^X exp vD (r?7)| 2 - Wy^dH^) 

JBJSi) 



(n + 2) 1 v 3n 
Since ^° and y° are smooth, by (12.41 ) in Lemma 127X1 we have 

H"(B (5j)\W) = o{5 n j +l ). 
On the other hand, by triangle inequality, we have 
||ex Prt) (fl77), ex P> , (^)| 2 - \x°y°\ 2 \ 

< (|exp^(a?7), exp v0 (r?7)| + \ X °y°\) ■ (M + \Tr,\) 

for all t] e B (6j). 



40 HUI-CHUN ZHANG AND XI-PING ZHU 

Now the desired estimate (15.171) in Claim 1 follows from above two inequalities and equa- 
tion (I5.20I) . 

Step 4. Integral version of maximum principle. 

Let us recall that in Step 2, the point pair (x°,y°) is a minimum of Ht,(x, y) on B p (R) x U. 
Then we have 

< f (/^(exp^a^exp^T?)) - H 3 (x° ,y°))dH n ( V ) 

JB (r)nW 

= f (v 3 (exp^))-v 3 (* )W/"(77) 
(5 - 21) + f (m{zxv r (Tij))- m (y ))dH n (ri) 

JB (r)C\W 

r \txp x o{aif)&y^ y0 {Trf)\ 2 - \x°y°\ 2 
+ dH n {rj) 

JB (r)f\W Lt 

:= h(r) + I 2 (r) + 7 3 (r), 

where W = {v e r. Yo | av e and Tv e Wy>}. 

By the condition Ric > -K and Laplacian comparison (see jBTi or f22\ ). we have 

JZ\ xx o\2 < c(n,K, diamQ) and J^^p < c(n, A",diamQ). 

Claim 2: We have 

(5.22) /i(r) < — a 1 ■ oj„- { r n+l + o(r" +z ) 

2n(n + 2) 

and 

(5.23) 7 2 (r) < — u> n -\r + o{f l+ -) 

2n(n + 2) 

for all small r > 0, where c = c(n, K, diamQ). 
Let 

, , \*f\ 2 . a Uy°\ 2 

a(x) = vt,(x) h and B= . 

It It 

Since x° is a smooth point, by Lemma |2~T1 we have 



\ (a( ex Px0 (ai])) - a(x°))dH n (r]) 

JB {r)nW x o 

= oT" ■ \ (a(x) - a(x°))(l + o(r))dvo\(x). 

Note that a(x) - a(x°) ^ and 

S? V3 < i? V2 < ( - e\ + c(n, K, diamQ) • e 2 ) ■ vol + Jz? l>0 
< (-Wt,a,e - ei + c ■ e 2 ) • vol, 

■SCa-aO?) = %n + % < ( - w f>a , e - e t + c • e 2 + A/3) • vol. 
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Since x" is a Lebesgue point of -w t , a ,e + by Corollary 14.51 we get 
(a(x) - a{x°))dvo\{x) 



dB^(s) 



- — - • s 2 • H n -\dB k (s)) + o(r" +1 ) 



2rc 

for all < s < ar. By combining with the fact that x° is regular, we have 
| (a(x) - a(x°))^vol(x) 

JB*>(ar) 

- -,^(^) — ei + c • 62 + won . ^ . (ar) „ +2 + o(?J!+2) _ 



2n(n + 2) 

Therefore, we obtain (since a(x) - a(x") > 0,) 



(a(exvA a V)) ~ a(x°))dH"(T]) 



(5.24) < f (^(exp^^))-^ ))^"^) 



-wwC*") - ei + c • e 2 + A/3(x°) 2 2+M 2 

a • aj„_ir z+w + o(r z+n ). 



2«(?i + 2) 

On the other hand, since B is Lipschitz (since it is semi-concave) and equation ( 12.4 

H"(B (r)\W) = o(r" +1 ), 

we have 



I 



B (r)nW 2 ? 2? 



f (/3(exp^ (ar])) - B{x°))dH n (jj) + o(r" +2 ). 

Jfl (r)n>^ 



Since x° e /teg/j, by applying equation ( 12.31 ) in Lemma |2TT1 the Lipschitz continuity of B and 
Lemma [231 we get 

f (B( e xp x 4ari))-8(x°))dH"(Ti) 

Jfi (r)n#> 



a - " f (/?(*) -/3(x°))dvol + o(r" +2 ) 

JB j0 (ar) 

WO 2 . . „n + 2 , „^ + 2, 



2n(« + 2) 

By combining above two equalities, we have 

C /|exp v0 (a77)j°| 2 \x°y \ 2 s „ 
(5.25) ~ '-^- L )dH\r 1 ) 

= mX " } • a 2 -^„- 1 r" +2 +0 (r" +2 ). 
2n(n + 2) 

Therefore, the desired estimate (15.22b follows from equations (15.241) . (15.251 ) and V3 - a — B. 
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The estimate for (15.231 ) is similar. Let 

\x°y\ 2 ~ \x°y\ 2 

a(y) = "300 + -57- and p = ——. 

By a similar argument to ( 15.241 ) and ( 15.251 ), we have, for all small r > 0, 



(a(exp r (TTj)) -a(y ))dH n (Tj) 



and 



+ +W) w 

2n(« + 2) 



's (f)n^ 2f 2t I 2n(n + 2) 

Thus the combination of these two estimates and u 3 (y) = a -ft implies (I5.23I ). The proof of 
Claim 2 is finished. 

By combining (15.211 ) and Claim 1 (15.17b . Claim 2 (15.221 )- (15.23b . we have 

r-ei+c-62 2 fl 2 -vtWx°) /(y°) (a - 1) 2 1 +2 

i 2n ia +1) 2^ + — + ^TV 6 i 

r(K + e 3 )\x y^ 2 



for all j e N. Thus, 



-(1 + a + a 2 )] ■ 6y 2 + o{6f 2 ) > 



-ex + c ■ e 2( 2 t . a 2 • vW*°) (a - l) 2 

-{a +1) r- 2 + — — + 



2n 2n 2n 2t 

(K + e 3 )\x°y°\ 2 2 
H (1 + a + a ) > 0. 

Combining with the definition of function w fA e, (15.141 ). we have 

(5.26) <(a 2 + 1) ~V C62 + (a2+ / + 1) ((^ + e 3 )\x°y°\ 2 - K\x°F{x°)\ 2 ) 

2n ont 

--!-( SUp f( Z )-f(yo))-° 

2n z eB Flix0) (e) 2n 

In Step 2, we have known that (x, F t (x)) is the unique minimum point of H(x,y). Because 
H 3 (x,y) converges to H(x,y) as e\, e 2 and bj, 1 < j < 2n, tend to + , we know that (x°,y°) 
converges to (x, F t {x)), as e\,ei and bj, 1 < j < 2n, tend to + . 

On the other hand, because x. is regular and x° converges to x as ei,ez and 1 < j < 2n, 
tend to + , functions 

\x°y\ 2 



2t 

converges to function 

\xy\ 2 



u(y) + 
u(y) + 



2t 

as ei, 62 and bj, 1 < j < 2n, tend to + . F t (x°) is a minimum of u(y) + \x°y\ 2 /(2t). u t is 
differentiable at jc (see Step 2). So F f (jc) is the unique minimum point of u(y) + \xy\ 2 /(2t). 
Therefore, F t {x°) converges to F t (x) as e\,ei and bj, 1 < j < 2n, tend to + . 
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Hence, when we choose e\,ei and bj, 1 < j < 2n sufficiently small, we have that 
\y°F t {x°)\ «; 9. This implies 

y° e B m (9) and \\x°y°\ - \x° F t {x°)\\ « 9. 

Now we can choose ei , e? and 63 so small that 

(a 2 + 1)=^ + ^-^V + ,3)1 A°l 2 - < f 

2n 6«? 4« 

and y e Bp^^d). This contradicts to (15.261) . Therefore we have completed the proof of the 
proposition. □ 

Lemma 5.4. Let Q, be a bounded open domain in an n-dimensional Alexandrov space. As- 
sume that a W 1,2 (Cl)-f unction u satisfies Jz? t( > / • vol for some f e L°°(Q). Then, for any 
D.' <s Q, we have 

sup u < C|M| iI(n) + C||/||z,°°(n), 

xe£l' 

where the constant C depending on lower bounds of curvature, O, and Q.'. 

Proof. If / = and u ^ 0, this lemma has been shown in Theorem 8.2 of 0] for any metric 
measure space supporting a doubling property and a weak Poincare inequality. According to 
volume comparison and Theorem 7.2 of |[T9l . it holds for Alexandrov spaces. 

On the other hand, according to Lemma 6.4 of J4j (see also Lemma 3. 10 of ifTTTO . we know 
that u + is also a subsolution of ££ u - 0, that is Jz? l(+ > 0. 

Therefore, if / = 0, we have 



sup u < sup u + < C||w + || L i (n) < C\\u\\ L \ 



In fact, the proof in J4] works for general / e L°°(Q). In the following, we give a simple 
argument for the general case on Alexandrov spaces. 

For each p € O, we choose a Perelman concave function h defined on some neighborhood 
B p (r p ), which is given in Lemma [331 such that -1 < h < 0. Then we have 

^u-Wfh^h >(/ + \\f\\L°°(a)) ■ vol > on B p (r p ). 
Applying the above estimate (in case / = 0), we have 

sup w< sup (u - ||/lb»(n)#) < C\\u - \\f\\L°°(n)h\\ L i( B (r )} 

B„(r p /2) B p (r„l2) 

< Q\u\\ LHBp(rp)) + C\\f\\ L ^ Q ) ■ vol(B p {r p )). 

Since Q.' is compact, there is finite such balls B Pi (rj) such that above estimate hold on each 
B p .(ri) and that Q.' c UjS p .(r,72). Therefore, we have 

sup u < C|M| L i (n) + C\\f\\ L ^a) ■ vol(Q). 

The proof of the lemma is finished. □ 

In ll40ll4T1 . by using his key Lemma, Petrunin proved that any harmonic function on an 
Alexandrov space with nonnegative curvature is locally Lipschitz continuous. Very recently, 
this Lipschitz continuity result on compact Alexandrov spaces was also obtained by Gigli- 
Kuwada-Ohta in ifTll via probability method. We can now establish the locally Lipschitz 
continuity for solutions of general Poisson equations. 
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Corollary 5.5. Let M be an n-dimensional Alexandrov space and Qbe a bounded domain of 
M. Assume that u satisfies J£ u = f • vol on Q. and f e Lip(Q). Then u is locally Lipschitz 
continuous. 

Proof. Since Q. is bounded, we may assume that M has Ricci curvature ^ —K on Q. with 
some K ^ 0. 

By applying Lemma \5A\ to both J£ u = f • vol and Jz?_ l( = -/ • vol, we can conclude that 
// e L°°(Q.') for any Q.' <e Q. Without loss of generality, we may assume 

-1 < u < 

on £Y. Otherwise, we replace u by (u - sup n , w)/(sup n , u - inf^ u). 

Fix any open subset Q.\ <m Q' and let (u t )o^t be its Hamilton-Jacobi semigroup defined 
on Oj. By Lemma I5TT1 we know 

-1 < u, < 

on Qi, for all < t < t. 

By Proposition 15.31 there is to > such that (15.121 ) holds for all t e (0, ?o) and all a > 0. 
By putting a = 1 in (15.121 ). we have 

X,, <(f°F, + Kt\Vu t \ 2 ) • vol, V < t < t Q 

on Qi. 
Set 

exp(-^?M f ) - 1 

AT = *T + 1 and ® t (x) = — — — 

for all < t < ?o(< 1)- Then we have 

< <D f < Ke K , 1 < exp(-Ktu t ) < e K 

and, for each t e (0, to), 

JSf<D, - -£exp(-£f Mf ) • G£f„, - £*|Vw f | 2 ) • vol 

2? > exp(-£fc<,) • (/ o F, + ^|V^| 2 - Kt\Vu t \ 2 ) • vol 

^ -Kexp(-Ktu t ) ■ \\f\\ L ">(ci) ■ vol 
> -C ■ vol 

in sense of measure on Q.i . Here and in the following, C will denote various positive constants 
that do not depend on t (while they might depend on K, to, Q, Qi,Q2>^3> IL/llL°°(n) and the 
Lipshitz constant of /, Lip/, on O). 

By applying Caccioppoli inequality (see Proposition 7.1 of HI.') (or by choosing test func- 
tion tp$> t for some suitable cut-off <p on Qi), we have 

||VO f || L2(n2) < C||<D ( || L 2 (Ql) < C 

for any open subset Q.2 <£&i- 
Noting that -Ku t > and 

|VO,| = Kexp{-Ktu t )\Vu t \ > K\lu t \, 

we have 

(5.28) IIVa f || L 2 (n2) < C. 
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By using inequalities exp(-Ktu t ) < e K and |1 - e y + y ■ e y \ < C • y 2 12 for any < y < ^?o- 
we have, for each t € (0, to) and xeflj, 



!©,+,(*) - <b t (x)\ < 



I exp ( - K(t + s)jt J+i ) - 1 exp ( - Ktu t+S ) - 1 



+ 



t + s t 
exp ( - Ktu t+S ) - 1 exp ( - Ktu t ) - 1 



(5.29) 



< s • max 

t<f<t+s 



t t 
exp(-?' Ku t+S )(—Ku t+S )t' - exp(-t' Ku t+S ) + 1 



M2 



(?) 

+ K\u t+S - u t \ ■ max exp(-Kta) 
< Cs + C\u t+S - u,\ 



for all < s < t - t. 

By applying Dominated convergence theorem, (15.28b . (15.291) and Lemma IBTTT iii-iv). we 
have 



d + 



lim sup I 

s->o+ Ja 2 



O t+s (x) - ®,(x) 



dvol 



< Cvol(0 2 ) + Clim 



im sup I 

s->o+ Jn 2 



\u t+s - u,\ 



dvol 



= Cvol(n 2 ) + ^ f |Vw f | z dvol<C. 
2 Jn 2 



This implies that 



(5.30) 



\\® t \\mn 2 )<\\®A\LHn2) + C(t-t') 



for any < t' < t < t . Since < ® r ' < Ke K and linv^ + ®f 00 = -Ku(x), we have 



lim ||O f || L i (n ) - ( {-Ku)dvo\. 



By combining with (15.301) . we have 



JT 



<!>, + 1 

dvol - -OI© t || L i ( tv) - lim Pr lliipv)) < C. 

t t 1 f-»0 + 1 



On the other hand, for each t e (0, to), since / is Lipschitz and 



\xF t (x)\ = t\Vu t (x)\, 
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for almost all x € Qi, we have 

&® t+ ku = -Kexp(-Ktu t )(X„ ~ Kt\Vu t \ 2 ) • vol + Kf • vol 



= -Kexp(-Ktu t ) ■ (X lt ~ Kt\Vu t \ 2 - f) • vol 

- Kf ■ (exp{-Ktu t ) - l)-vol 

> -Kexp(-Ktu t ) -(foF t + Kt\Vu t \ 2 - Kt\Vu t \ 2 - f) ■ vol 

- Kf ■ (exp(-Ktu t ) - 1) ■ vol 

> -Kexp(-Ktu t ) ■ (Lip/ • |xF ( (x)| - t\Vu ; \ 2 ) ■ vol - Ct ■ \\f\\ L ^a) • vol 
= -Kexp(-Ktu t ) ■ t • (Lip/ • |V«,| - |V Mf | 2 ) • vol - Ct ■ \\f\\v<& ■ vol 

> -a -(^^ + 11/11^)) -vol 

^ -Ct ■ vol 

in sense of measure on Q.2- Note that <& t + Ku > -Ku t + Ku > (since Lemma |5TTT i)). 
According to Lemma [5~4l we get 



max 

n 3 



<D ( + Ku 



$> t + Ku C ® r + Ku 

< C||— 5— ll L i ( n 2 ) + C = C -h ^vol + C<C 

Jn 2 » 



for any open subset Q.3 <s ^2- Hence, we have (since O, ^ -Ku t ) 

—u t + u _ , <D, + Ku 
— < K~ l — < C 

t t 

on Q3, for each ? e (0, to). 

Therefore, by the definition of u t , we obtain 

\xy\ 2 

u{x) < u t {x) + Ct < m(j) H — — — l- Ct 

for all x, y € Q3 and ? e (0, ?o)- Now fix x and y in Q3 such that |x_y| < to. By choosing ? = \xy\, 
we get 

m(x) - u(y) < C|xy|. 
Hence, by replacing x and y, we have 

\u{x) - u(y)\ < C\xy\, for all |xy| < to. 

This implies that u is Lipschitz continuous on 03. 

By the arbitrariness of Q3 i £12 i Oi i Q' i Q, we get that u is locally Lipschitz 
continuous on Q., and complete the proof. □ 

5.2. Bochner's type formula. Bochner formula is one of important tools in differential 
geometry. In this subsection, we will extend it to Alexandrov space with Ricci curvature 
bounded below. 

Lemma 5.6. Let u e Lip(Q.) with Lipschitz constant Lipw, and let u t is its Hamilton-Jacobi 

semigroup defined on Q' <e Q,for < t < t. Then we have the following properties: 
( i) For any t > 0, we have 

(5.31) |V-«|(F,00) < |Vh,(jc)| < Lipu(F t (x)) 

for almost all x € Q.', where F t is defined in (15.101 ). 
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In particular, the Lipschitz constant of u t , Lipw, < Lipu; 
( ii) For almost all x e Q! , we have 

uAx) — u(x) 1 o 

(5.32) Urn — — = --|Vm(x)| 2 . 

Furthermore, for each sequence tj converging to + , we have 

lim Vwf.(x) = Vw(x) 

f,— »0 + ' 

for almost all x e Q'. 

Proof, (i) Lipschitz function u t is differentiable at almost all point x e Q! . For such a point 
x, we firstly prove \V~u\(F t (x)) < |Vmj(jc)|. 

Assume \V~u\(F t (x)) > 0. (If not, we are done.) This implies y := F t (x) t x. Indeed, if 
F t (x) = x, we have 

«(x) < k(z) + -— - 

for all z e Q! . Hence (m(x) - m(z)) + < \xz\ 2 /(2t). This concludes |V~w|(F,(x)) - 0. 
Take a sequence of points yj converging to y such that 

MCy)-w(y 7 -) 
hm ■ — — *- - |V 

>7^>' l.v.v/1 

Let xy be points in geodesic xy such that |xx 7 | = \yyj\. By 

|x,-y,i 2 |x.y| 2 
m,(x,) < u(y,) + — - — and u t (x) = u(y) + — — , 
2t 2t 

we have 

(5.33) u t (xj) - u,{x) < u(yf) - u(y) + —Qxjyj\ 2 - \xy\ 2 ). 
Since u, is differentiable at x, 

u t {xj) - u t (x) - \xxj\ ■ (Vu t (x), 1* J ^ + o(|xx ; |). 
Triangle inequality implies 

\ x jyj\ < \ x jy\ + Ixyyl = \ x jy\ + \ xx j\ = M- 

Therefore, by combining with (15.331) . we have 

u(y) - u(yj) < -\xxj\ ■ (Vu t (x), } + o(\xxj\) < |xx/| • |Vw f (x)| + o(jxXj\) 

= \yyj\ ■ |V« f (x)| + o(|xx ; |). 

Letting yj —> y, this implies |V~w|(v) < \Vu t (x)\. 

Now let us prove |Vw f (x)| < Lipw(F f (x)) at a point x, where u is differentiable. Assume 
|Vw,(x)| > 0. (If not, we are done.) This implies y := F t (x) + x. Indeed, If y = x, we have 

|xz| 2 |xz| 2 
u t (z) < u(x) + = u t (x) + V z e Q. . 

On the other hand, u t is differentiable at x, 

u t (z) = u t {x) + (Vu t (x), H) ■ \xz\ + o(|xz|). 

Hence, we obtain 

(Vu t (x),r x )< |xz|/(2f)+o(l) 
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for all z near x. Hence |Vw f (x)| = 0. 

Let the sequence Xj e O' converge to x and 

(5.34) lim (Vu t (x), fj) = \Vu t (x)\. 

Take yj be points in geodesic xy with \yyj\ = \xxj\. By triangle inequality, we have 

\xjyjl < \xxj\ + \xyj\ = \yyj\ + \xyj\ = \xy\. 

Combining with 

\ x jyj\ 2 \xy\ 2 
u t (xj) <u(yj)+ — and u t (x) = u(y) + — — , 

we have 

(5.35) u t (xj) - u,(x) < u(yj) - uiy) < \u(yj) - u(y)\. 
Since u t is differentiable at x, 

u t (x.j) — u t (x) = (yu t (x), t'i^ • \xxj\ + o(\xXj\). 
Hence, by combining with (15.341) . (15.351 ) and \xjx\ = \yjy\, we get 

\u(jj) - u{y)\ 

| Vu t (x)\ < lim sup < Lipu(y). 

yj^y \yyj\ 

The assertion (i) is proved. 

(ii) The equation (15.321) was proved by Lott-Villani in 11301 (see also Theorem 30.30 in |49ll ). 

Now let us prove the second assertion. The functions u and u t . are Lipschitz on Q! . Then 
they are differentiable at almost all point x e Q'. For such a point x, according to (15.51) in 
Lemma l5T2l we have, for each tj, 

\xy tj \ 2 |V Mf -U)| 2 



u tj {x) = u{y t] ) + = u(y t] ) + t r 



where y t . is the (unique) point such that (15.41 ) holds, and 

uiy tj ) = u{x) + \xy tj \ (Vu(x), T?) + o(tj) = u{x) - tj (Vu(x), Vu tj (x)) + o(tj). 
The combination of above two equation and (15.321) implies that 

hm ( - (Vm(x), Vu tj (x)} + '- ) = - ' Y . 

This is 

lim + (|Vw(x)| 2 - 2 (Vu(x), Vu tj (x)) + \Vu tj (x)\ 2 ) = 0, 

which implies 

lim Vw f .(x) = Vm(je). 

f/-»0 + J 

Now the proof of this lemma is completed. 

Now we have the following Bochner type formula. 
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Theorem 5.7 (Bochner type formula). Let M be an n-dimensional Alexandrov space with 
Ricci curvature bounded from below by —K and Q be a bounded domain in M. Let f(x, s) : 
Q X [0, +oo) — > R be a Lipschitz function and satisfy the following: 

(a) there exists a zero measure set N c Q. such that for all s > 0, the functions /(•, s) 
are differentiable at any x e Q\N; 

(b) the function f(x, •) is of class C l for all x efl and the function §j(x, s) is continuous, 
non-positive onQx [0, +oo). 

Suppose that u e Lip(Q) and 

J? u =f(x,\Vu\ 2 )-vo\. 

? 12 

77ze« we have |Vw| e W/j (^) 

(5.36) ^ Vi( | 2 > 2( - ( *^ Vm| } + (Vw, V/(jc, |Vw| 2 )) - ^|V M | 2 ) • vol 

in sense of measure on Q, provided | Vw| is lower semi-continuous at almost all x € Q, namely, 
there exists a representative of\Vu\ which is lower semi-continuous at almost all ie£). 

Proof. Recalling the pointwise Lipschitz constant Lipw of u in Section 2.2, we defined a 
function 

g(x) := max{Lip 2 w, |Vw(x)| 2 }, V x € O. 

Noting that the fact Lipw = |Vm| for almost all x e O, we have g = |Vw| 2 for almost all x e Q., 
and hence 

JS?„ = /(*,*(*)) -vol 

in sense of measure on O. 

The function g is lower semi-continuous at almost all x e Q. Indeed, by the definition of 
g, we have g(x) > |Vm(x)| 2 at any x e O. On the other hand, g(x) = |Vw(x)| 2 at almost all 
x e Q. Combining with the fact that |Vw| is lower semi-continuous at almost all x e Q, we 
can get the desired lower semi-continuity of g at almost all x e Q. 

The combination of the assumption §7 < and the lower semi-continuity of g at almost 
everywhere in Q. implies that / = f(x, g{x)) is upper semi-continuous at almost all x e Q. 

Fix any open subset Q' <s Q.. Let u t be Hamilton-Jacobi semigroup of u, defined on Q'and 
let F t be the map denned in (I5.10I ). By applying Proposition 15.31 there exists some to > 
such that for each t e (0, to), we have 

a 2 • S£ Ui <[/of, + H( - a ~ !) + y (a 2 +a + l)|Vw f | 2 ] • vol 

for all a > 0. Hence, the absolutely continuous part Au, satisfies 

, n(a - l) 2 Kt , , 

a 2 • A«,(x) < / o F f (x) + - + — (c? 2 + a + l)|V« f (x)| 2 

for all a > and almost all x e Q'. By setting 

£> - ~j\Vu t (x)\ 2 

and 

77 2?2 n 

A\ = -Au t (x) + - - tD, A 2 - — - -tD, A 3 - f o F,{x) + - - tD, 

we can rewrite this equation as 

A\ ■ a 2 + A 2 • a + A3 > 
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for all a > and almost all x e Q! . 
By taking a - 1, we have 

(5.37) Au t {x) <fo F,(x) - 3tD. 
Because u is in Lipschitz, by Lemma ISToT i), we have 

\D\ = \K\ ■ \Vu t \/3 < |*| • Lipw/3, g < LipV 

and then / - f(x, g(x)) is bounded. 

The combination of equation (15.371 ) and the boundedness of D, f implies that A i > and 
A2 < 0, when t is sufficiently small. By choosing a - -jjj^, we obtain 

n 3 

(5.38) (Au t (x) -fo F t (x)) ■ (- - tD) < -Au t (x) ■ f o F t (x) - 3nD + -t 2 D 2 . 

Therefore, 

(by writing / = f(x, g(x)) and / o F, = f o F,(x) = f(F t (x), g o F t {x)),) 

Au t (x)-f(x,g(x)) < (n - t 2 D)(f o F t - f)/t -f-foF t -3nD + 3t 2 D 2 /4 
t ^ n- t 2 D + tf o F t 

_f°F t -f f + 3nD i f 2 -f 2 oF, i 3t 2 D 2 



t ft ft 4ft 

foF t - f(F t (x), \Vu t (x)\ 2 ) | f(F t (x), \Vu t (x)\ 2 ) -f f 2 + 3nD 

t t ft 

| f 2 - f 2 (F t {x),\Vu t {x)\ 2 ) | f 2 (F t (x), \Vu t (x)\ 2 ) - f 2 o F t | 3t 2 D 2 
ft ft ' Aft 

f(F t (x),\Vu t {x)\ 2 ) - f + f 2 -f 2 {F,{x), \Vu t (x)\ 2 ) f 2 + 3nD 



v rtvfMv ( l f°Ft + f{F t {x),\Vu t {x)\\ 
+ {f°F t - f(F t (x), \Vu t (x)\ ))■{- J 



ft ft 
ft 



3t 2 D 2 
+ 4ft 

for almost all x e Q.', where 



ft = n-t 2 D + tfo F t . 



From Lemma lBTBT i) and the definition of function g, we have 

g o F,{x) > Lip 2 w(F,(x)) > \Vu t (x)\ 2 , a.e., x e O'. 
Combining with the assumption < 0, we have, for almast all x eQ! , 

f°F t - f(F t (x), \Vu t (x)\ 2 ) = f(F t (x),go F t (x)) - f(F t (x), \Vu t (x)\ 2 ) < 0. 
On the other hand, by the boundedness of D and /, we have 

ft = n-t 2 D + tfoF t >'^ 

when t is sufficiently small. By combining with the boundedness of /, we have 

1 f o F t + f(F t (x),\Vu t (x)\ 2 ) 



t ft 

when t is sufficiently small. 
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When t is sufficiently small, by using ft > n/2 and the boundedness of D again, we have 

Au t (x) - f(x,g(x)) f(F t (x), \Vu t (x)\ 2 ) - f f 2 - f 2 (F t (x),\Vu t (x)\ 2 ) 

t t ft 

f- + 3nD 

- - + C ■ t. 

ft 

Here and in the following in this proof, C will denote various positive constants that do not 
depend on t. 

Note that Jz? Ml < Au t ■ vol and Jz? u = / • vol. The above inequality implies that 

t 

^tf{F t (x),\Vu t {x)\ 2 )-f f 2 - f 2 {F t {x),\Vu t {x)\ 2 ) f 2 + 3nD n n 

< + + C ■ t • vol 

L t ft ft J 

in sense of measure on D.'. 

Fix arbitrary < <p € Lipo(Cl'). We have 

« am 1 v {tk s * f * ( f(F t (x),\Vu,(x)\ 2 )-f ^ 
(5.39) -&u,-u(4>)< 4>-( ; H vo1 

C , f 2 - f(F t (x),\Vu t {x)\ 2 ) 

+ 1 <f> ■ — flVOl 

Jo.' 



ft 

C f + 3nD 

- I (f> ■ avol + Ct sup |0| 

Jn> ft 
:=/i(/)+/ 2 (f)-/3(f) + Cfsup|fl. 

We want to take limit in above inequality. So we have to estimate the limits of I\(t), hit) 
and/ 3 (f), as t -> + . 

Since for almost all x e £Y, 



we have 



g = Lipu(x) - \Vu(x)\, 



J{F t {x),\Vu t {x)\ 2 )- f{x,g{x)) , 



-L 



f(F t (x), \Vu,(x)\ 2 ) - f{x, \Vu{x)\ 2 ) 
d> a vol 

■or t 

(5.40) r f(F t (x), \Vu t {x)\ 2 ) - f(F t (x), \Vu(x)\ 2 ) 



I d> - v ' — ' Jvol 

Jar t 

C J(F t (x),\Vu(x)\ 2 ) - f(x,\Vu(x)\ 2 ) ^ 



:= J l (t) + J 2 (t). 

In order to calculate lim,^o + Ji(t), we need the following: 
Claim: For any fli m Q.', there exists constant C > such that 



jjv(^_)|,voUC 



for all t e (0, f )- 
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Proof of the Claim. For each t e (0, to), by combining equation (15.37b and semi-concavity of 
u t , we have 

tfoFt-f 

(5 ' 41) = (/W'>.g°^*>) -/(*•*> + ^,2) . yol 

in sense of measure on Q! . Noting that |j < 0, and that, for almost all x eQ! , 

g o F,{x) > Lip 2 u(F t (x)) > |Vw,(*)| 2 , g(x) = |Vm(x)| 2 , 
(see Lemma IBTBT i)) we have, for each t e (0, to), 

„ ^ ( f(F t (x),\Vu t (x)\ 2 )-f(x,\Vu\ 2 ) A 
Jifu t -u < + K\Vu t \ z ■ vol 

f v t ' 

, \xF t (x)\ + \\Vu t \ 2 - |Vw| 2 | 7N 

< (2Lip/ • 1 - + K\Wu t \ 2 ) ■ vol 

. ||V Mf | 2 - |V M | 2 | . 

< (2Lip/ • - - + 2Lip/ • \Vu t \ + K\Vu,\ 2 ) ■ vol 

because \xF t (x)\ = t ■ \Vu t (x)\ for a.e. x e f2'(see (15.1 II) ) 

||V M ,| 2 - |V M | 2 | 

< (C ■ ■ + C) ■ vol 

because |Vm ? (jc)| < Lipw (see Lemm a^oT i)) 
= (c ■ (v(?LZJiy v( Mf + + C) • vol 

<( C .|v(^)|+c)-vq1 

in sense of measure on Q.'. 

Since u t - u < 0, according to Caccioppoli inequality, Theorem 7. 1 in [|4l (or by choosing 
test function -<p(u t - u)/t for some suitable nonnegative cut-off <p on Q.'), for any Qi <e Q.', 
there exists positive constant C, independent of f, such that 

(5.42) Jjv(^ v „uc/j^f,vol + C 

On the other hand, for almost all x e Q.', according Eq. (2.6) in [29], we have 

\u(x) - u t (x)\ Lip 2 « 



f 

Jo 



f 2 

Consequently, 

' (^)Vol < C. 

The desired estimate follows from the combination of this and (15.42I ). Now the proof of the 
Claim is finished. □ 

Let us continue the proof of Theorem l5.7l 

Let Q.\ = supp^ <e Q'. By combining (I5.32I ). above Claim and reflexivity of W 12 (Q) (see 
Theorem 4.48 of (H), we can conclude the following facts: 

(i) u t converges (strongly) to u in W l - 2 {Q.{) as t — > + ; 

(ii) there exists some sequence tj converging to + , such that (u t . -u) /tj converges weakly 
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to -|V«| 2 /2 in W u (Qi), as tj -> + . 

Let us estimate Ji(t). For each t € (0, to), 

f(F t (x), \Vu t (x)\ 2 ) - f(F t (x), \Vu(x)\ 2 ) 



Ji(t)= I <t>- 
la.' 



-f 

Jq' 

-L 



dvol 



4> 



f(F t (x), \Vu t (x)\ 2 ) - f{F t (x), \Vu(x)\ 2 ) 



■(v(u t + u),v{^-j^-fjdvol 



\Vu t \ 2 - |Vw| 2 
= J <f> ■ %( F <( X )> s t) ■ ( v ("; + V {^J^)) dvo1 

for some s t between \Vu t (x)\ 2 and |Vm(x)| 2 . 

Let tj be the sequence coming from above fact (ii). According to Lemma IBTBT ii), 

lirn \Vu tj (x)\ = |Vw(x)| 
for almost all x € £1', combining with the continuity of ^f, we get 

lim J-(F t (x),s t] ) = ?f(x,\Vu(x)\ 2 ). 

tj^0+ OS OS 

On the other hand, by the above facts (i), (ii) and the boundedness of 

^(F t (x),s t )\<Upf, 

we have 

Um h(tj) = jT • ^-{x, |Vw| 2 ) • {iNu, V(^-)J dvol 

= - f </•• ?(x,|V M | 2 )-(v M ,V|V M | 2 )jvol. 
Jn' ds \ ' 

Let us calculate the limit Jz{tj), where the sequence comes from above fact (ii). 

For each t € (0, to), if x e Cl'\N and m, is differentiable at point x, by Lemma I5T21 we have 

f(F t (x),\Vu(x)\ 2 )-f(x,\Vu(x)\ 2 ) 

= |xF,(jc)| (Viftx, \Vu(x)\ 2 ), T^ ,W ) + o(|xF ( (jc)|) 

- -/ • (Vi/(jc, |Va(x)| 2 ), V^(x)) + o(|xF f (x)|) 

where Vi/(x, 5) means the differential of function /(•, 5) at point x (see eqution (12.16I )). For 
the sequence tj, the combination of this, equation (15.1 II) and Lemma IBTBT ii) 

lim Vw,.(x) = Vm(je) 

t/-»0+ ; 

implies that 



(5.43) 



lim 



/(F f /x),|V M (x)| 2 )-/(*,|V M (x)| 2 ) 



= -(Vi/(x,|V M W| 2 ),V M (x)) 



for almost all ieQ'. Note that 

f(F tj (x),\Vu(x)\ 2 ) - f(x,\Vu(x)\ 2 ) 



\xF t .(x)\ 

< Lip/ • < Lip/ • Lipw 
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for almost everywhere in Q.'. Dominated Convergence Theorem concludes that 

r f{F tj {x),\Vu{x)\ 2 )-f{x,\Vu{x)\ 2 ) 
lim J%{t;) = hm d> ■ dvol 

= - \ <f>(Vif(x,\Vu(x)\ 2 ),Vu(x))dvol. 

JO.' N ' 

By combining with equation (15.401 ) and (15.431) . we have 
lim h{t:) < lim Mtj) + lim J 2 {tj) 

tj^0+ tj^0+ tj-^Q + 

(5.44) = - f nt <f> ■ ( Vm > ^(x, l v «l 2 ) • v l v «l 2 + v i/(^ |V«W| 2 )| dvo\ 

= - J <f>- (Vw, V/(jc, |Vw| 2 )) dvol. 
Jo.' 

Let us calculate lim^o h(tj) for the sequence tj —> + coming from the above fact (ii). 
From Lemma [5T6T ii). 

lim |V M ,,(x)| 2 = \Vu(x)\ 2 = g(x) 

at almost all x e Q.'. Combining with the Lipschitz continuity of f(x, s) and ft > n/2 for 
sufficiently small t, we have 

/ 2 (F^x),|V^| 2 )-/ 2 (*,g(x)) 
lim — = 

t^o + ft 

at almost all x € O'. On the other hand, using that ft ^ n/2 again (when ? is sufficiently 
small) and that / is bounded, we have 

f 2 (F tj (x),\Vu t] \ 2 )-f(x,g(x)) 



< C, for almost all x e Q.', /' = 1,2, 

for some constant C. Dominated Convergence Theorem concludes that 

r r r-f\F tj {x),\Vu t] \ 2 )+f 2 {x,g{x)) 
(5.45) hm 7 2 (f/) = lim d\o\ = 0. 

Let us calculate lim fj _»o h(fj) f° r the sequence tj coming from above fact (ii). 
According to Lemma l5T6l (i) and (ii), we get 

|Vw^| < Lipw and lim \Vu tj \ = |Vw|. 



By combining with the boundedness of D and /, and applying Dominated Convergence The- 
orem, we conclude that 

r rr^ f J 2 - nK\Vu\ 2 f J 2 (x, g(x)) - nK\ Vu\ 2 
hm hiti) = <t> — a vol = d> dvol. 

By the fact that 

g(x) - Lipu - \Vu\ 

for almost everywhere in Q.', we get 

r f2/ iVi/l 2 ') 

(5.46) lim h{t:) = (f>(—-^ — — - K\Wu\ 2 )dvol. 

tj^ 0+ Ja> n 
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By applying above Claim again, 

IVmI 2 

weakly in W' z (f2i), 



u tj -u |V M | 2 rM 



as tj — > 0. By combining the definition of ££ Ut (see the first paragraph of Section 4.1.) we 
have 

(5.47) lim )-££ Ut .-M = - lim f (v0, v(^^)\ = I f (V0, V|Vw| 2 ) rfvol. 
The combination of equations ( 15.391 ) and (15 .44b — (15 .47b shows that, for any <p e Lipo{Q!), 
(V(p,V\Vu\ 2 )dvol 

<-J <f>( (Vw, V/(x, \Vu\ 2 )) + - (JC '^ Vm| } - K\Vu\ 2 )dvol. 

The desired result follows from this and the definition of Jz^jVui 2 ■ Now the proof of Theorem 
is completed. □ 



If f(x, s) = f(x), then we can remove the technical condition that |Vw| is lower semi- 
continuous at almost everywhere in Q. That is, 

Corollary 5.8. Let M be an n-dimensional Alexandrov space with Ricci curvature bounded 
from below by —K and Q. be a domain in M. Assume function f € Lip(Q.) and u € W 1,2 (Q) 
satisfying 

= vol. 

7 12 

Then we have |Vw| e W, ' (Q) and \Vu\ is lower semi-continuous on Q. Consequencely, 
we get 



^f {Vul i > 2(— + <Vw, V/> - K\^uf)dyo\ 
in sense of measure on Q. 

Proof. At first, by Corollary 15-51 we conclude that u e Lipi 0C (Q). Fix any Q* <e Q.. Then 
u e Lip(Q.*) and /(x, s) - f(x) satisfies the condition (a), (b) on Q.* in Theorem 15 .7 1 

Let us recall that in the proof of Theorem 15.71 the technique condition that |Vw| is lower 
semi-continuous (with |j < 0) is only used to ensure the upper semi-continuity of / = 
f(x, g(x)) on Q.* so that Proposition [53] is applicable. Now, since f(x) is Lipschitz, Proposi- 
tion [53] still works for equation 

= vol. 

Using the same notations as in the above proof (with f(x, s) = f{x)) of Theorem 15.71 we 
get the corresponding equation 

jSftp < ( f° F <-f + ^| Vm; | 2 ) • vol = ( /( ^ (x) f W(x) + *|V Mf | 2 ) • vol 

in sense of measure on any Q! <s Q*, (see equation (15.41b in the proof of the above Claim). 
Then, we get, by (15.111) . |xF,(x)| = t\Vu t (x)\ at almost all x e O*, 

(5 4g JSfazs < (Lip/^M + K\Vu t \ 2 ) • vol = (Lip/ • |Vn,| + K\Vu t \ 2 ) • vol 

< C • vol (because |Vw f | < Lipw.) 
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in sense of measure on D.'. Here and in the following, C denotes various positive constants 
independent of t. 

The same argument as in the proof of above Claim, we obtain that the W 1,2 -norm of 
is uniformly bounded on any Q.\ <s Q'. Hence there exists a suquence tj — > + such that 

u tj - u |V M | 2 



weakly in W 1,2 (Qi), 



as tj -> + . Combining with d5T48i we have |Vw| 2 e W, ' (fli) and 



in sense of measure on O]. 
By setting 



w = |Vw| 2 + 2C, 



we have w ^ 2C and 

J§? w ^ -2C • vol > -w ■ vol. 

Consider the product space MxE (with directly product metric) and the function v(x, t) : 
H'xR^las 

v(x, t) :- w(x) ■ e' . 

Then v satisfies j£? v ^ in Q.\ x R. Hence it has a lower semi-continuous representative (see 
Theorem 5.1 in Ifl6l0 . Therefore, w is lower semi-continuous on Q.\. So does |Vm|. 

Because of the arbitrariness of Qi <e Q' <e Q* <s O, we obtain that |Vm| 2 e W,|; 2 (Q) and 
|V«| is lower semi-continuous on Q. 

It is easy to check that f(x, s) = f{x) satisfies the condition (a), (b) on Q. in Theorem 15.71 
(since / is Lipschitz and df Ids = 0.). We can apply Theorem [5/7] to equation 

Sf H = f- vol 

and conclude the last assertion of the corollary. □ 

As a direct application of the Bochner type formula, we have the following Lichnerowicz 
estimate, which was earlier obtained by Lott-Villani in E91 by a different method. Further 
applications have been given in ll42l . 

Corollary 5.9. Let M be an n-dimensional Alexandrov space with Ricci curvature bounded 
below by a positive constant n — 1. Then we have 

I |Vw| 2 <ivol > n \ u 2 d\o\ 
Jm Jm 

for all u e W l2 (M) with J M udvol = 0. 

Proof. Let u be a first eigenfunction and Ai be the first eigenvalue. It is clear that A\ > and 
u(x)e is a harmonic function on M x R. According to Corollary 15.51 we know that u is 
locally Lipschitz continuous. 

(Generalized) Bonnet-Myers' theorem implies that M is compact (see Corollary 2.6 in 
||45l ). By using the Bochner type formula Corollary 15.81 to equation 

S£ u - -A\u, 

and choosing test function (p - 1 , we get the desired estimate immediately. □ 
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6. Gradient estimates for harmonic functions 



Let Q be a bounded domain of an n-dimensional Alexandrov space with Ricci curvature 
> -K and K > 0. 

In the section, we always assume that u is a positive harmonic function on O. According 
to Corollary 15 - 81 we know that |Vw| is lower semi-continuous in Q and |Vm| 2 € W, ' (fl). 

Remark 6.1. In the previous version of this paper, by using some complicated pointwise 
C 1 -estimate of elliptic equation (see, for example, GUZZl), we can actually show that |Vm| 
is continuous at almost all in Q.. Nevertheless, in this new version, we avoid using this 
continuity result. 

Now, let us prove the following estimate. 

Lemma 6.2. Let M be an n-dimensional Alexandrov space with Ricci curvature > —K and 
K > 0. Suppose that u is a positive harmonic function in B p (2R). Then we have 



for s > In + 4, where Q = |V log u\ . 

Proof. Since u > in B P (2R), setting v = log u, then we have 

% v = -|Vv| 2 • vol = -Q ■ vol. 
For simplicity, we denote B p (2R) by B2R. 

Let i}j{x) be a nonnegative Lipschitz function with support in B2R. By choosing test func- 
tion \]j 2s Q s ~ 2 and using the Bochner type formula (15.361 ) to v (with function f(x, s) = -s, 
which satisfies the condition (a) and (b) in Theorem 15.71) . we get 



(6.1) 




(6.2) 




Hence we have 



(6.3) 




-(s-2) ifr 2s Q s ' 3 \VQ\ 2 dvol + 2 if/ 2s Q s ~ 2 (Vv, Vg) dvol 



=s-h -{s-2)-l 2 + h. 
We now estimate I\, I2 and Ij. By Cauchy-Schwarz inequality, we have 




and 
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By combining with (16.31) . we obtain 



- f ifr 2s Q s dvol-2K \ i// 2s Q s - l dvol 

n JBlR JBlR 



IB2R •JB2R 

<(^-(s-2)+n)-I 2 + 2s f Q s - l iff 2s ' 2 \Vifr\ 2 dvol 
2 Jb 2R 

If we choose s > 2n + 4, then we can drop the first term in RHS. 

Set 



= ( f (A 2$ <2Vvol)\ 

•JBtr 



)B 2R 

Then by K > and Holder inequality, we have 

— < 2K( f ^Vvol) 1/S • t s ~ 1 + 2s( f \ViJf\ 2s dvo\) 1,S 

Therefore, when we choose ifr such that ip = 1 on Bp, \j/ - outside B 2R and |V^| < 2/R, we 
get the desired estimate (16.1b . □ 

Corollary 6.3. Let u be a positive harmonic function on an n— dimensional complete non- 
compact Alexandrov space with Ricci curvature > -K and K > 0. Then we have 

|V log ii| < C, hK . 



Proof. Without loss of generality, we may assume K > 0. From Lemma Kx2l above, setting 
s = R 2 for R large enough, we have 

|||Vlog M | 2 || iR2(iJ;)(R)) < (2nK + in) • (vol(B p (2R)jf . 
According to Bishop-Gromov volume comparison theorem (see E2l or B31 ). we have 



vo\(B p (2R)) < H n (B (2R) c M£ /(b _ 1} ) < C^- R , 

where constants both C\ and C 2 depend only on n and K. Combining above two inequalities, 
we get 

,|2|| . ...r l l Rl „C2lR 



' lo g"l \\l^ { b p (R)) < C ".* ,C i e 
Letting R — > 00, we obtain the desired result. □ 

In order to get a local L°° estimate of |Vlog u\, let us recall the local version of Sobolev 
inequality. 

Let D = D(£l) be a doubling constant on Q, i.e., we have 

vo\(B p (2R)) < 2 D ■ vol(B p (R)) 

for all balls B p (2R) m Q.. According to Bishop-Gromov volume comparison, it is known that 
if M has nonnegative Ricci curvature, the constant D can be chosen D = n. For the general 
case, if M has Ric > —K for some K > 0, then the constant can be chosen to depend on n and 
^l~K • diam(n), where diam(Q) is the diameter of Q. Here and in the following, without loss 
of generality, we always assume that the doubling constant D ^ 3. 
Let Cp = Cp(Q.) be a (weak) Poincare constant on Q., i.e., we have 

f \ip-<p pR \ 2 dvol <C P R 2 - \ |V^| 2 Jvol 

Jb p (R) Jb„(2R) 

for all balls B p (2R) m CI and tp e W l ' 2 (D.), where tp p ^ - f g (pdvol. By Bishop-Gromov 
volume comparison and Cheeger-Colding's segment inequality, it is known that if M has 
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nonnegative Ricci curvature, the constant Cp can be chosen to depend only on n. For the 
general case, if M has Ric > —K for some K > 0, then the constant can be chosen to depend 
on n and • diam(£2). 

It is well known that the doubling property and a Poincare inequality imply a Sobolev 
inequality in length spaces (see, for example Il44ll47l[l4l0 . Explicitly, there exists a constant 
Cs = Cs(Q), which depends only on D and Cp, such that 

(6.4) ( f M^> rfvol) V < C S ■ , 2/fl • f (|V^| 2 + RT 2 ■ <p 2 )dvo\ 
k Jb„{R) ' vol(B p (R)) 2 ' D J Bp (2R) 

for all balls B p (2R) <s Q and tp € W^CQ). 

Now by combining Lemma l6T2l and the standard Nash-Moser iteration method, we can get 
the following local estimate. 

Theorem 6.4. Let M be an n-dimensional Alexandrov space with Ric ^ —K, for some K > 
0. Suppose that Q. c M is a bounded open domain. Then there exists a constant C = 
C(n, V^diam(Q)) such that 

max |V log ii| < C-(VK+ -) 

xeB,,(R/2) R 

for all positive harmonic function u onQ. and B p (2R) <s Q. 
IfK = 0, the constant C - C{n). 

Proof. Let v and Q be as in the above Lemma I6T21 We choose test function if^Q 5-1 , where 
if/ has support in ball Bp := B p (R). By using the Bochner type formula (15.361 ) to function v 
(with function fix, s) = -s), we have 

(6.5) - f i^Q s+1 dvo\<2 f (A 2 G'~ 1 <Vv,V0Jvol-2 \ ^Q s ^ (Vifr, Vg> dvol 
n JBr JBr JBr 



'Br JBr JBr 

(s-l) f (A 2 e^ 2 |V2| 2 Jvol + 2K f tA 2 GVvol. 
JBr JBr 



Note that 



2 f iA 2 e ?_1 <vv,v0jvou ^ f iA 2 e s - 2 ivei 2 jvoi + - f iA 2 e s ivvi 2 jvoi 

and 

-2 f ^(2 S_1 <V^,V0 Jvol < f iA 2 2 v " 2 |VQ| 2 ^vol+ f 0|ViA| 2 Jvol. 
By combining with (16.51) . we get 

(6.6) (J-2-5J) f iA 2 0- 2 |Ve| 2 Jvol < [ <2 4 ]VtA| 2 dvol + 2A" f ip 2 Q s dvo\. 

2 Jbjj Jbr Jb r 

Taking .O 2« + 4, then s - 2 - n/2 ^ s/2. Let § < p < p' < 7?. Choose ^ such that i]/(x) = 1 
if x e fi p (p), ^(x) = if x £ B p (p0 and I V( AI < 2/(p' - p), Then by ([631) and $6M . we have 

( f Q se dvo\f 6 < U • (2^ + ^ + 77~~~~tj)) • f Q^vol, 
v A(p) y v # 2 (P -P) 2 y Ja,^) 

where 6 = D/(D - 2) and 

7? 2 

(6.7) ^ = C s 



vol(BJR)) 2 / D ' 
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Let /o be an integer such that O* >2n + 4. Taking 57 = 6 1 , p t = R(l/2 + 1/2') with / > 1 , we 
have 

1 1 2 $ 4^+2 
log J M - log 7/ < - • log • (2G l K + — + — )), 

where 



h = ( r e^voi) 1 ^' = iiqii 

Jb p (pi) 



Hence, we have 

. / , 1 33(40)' 

log J x - log J k < log si ■ \ e~' + 2, 0~ l ■ log(29'K + — 



i=k i=i 

00 33 

< e~ h . log ^ Dl2 + JV' • (z ■ io g (40) + io g (ic + -j)). 



H, 



On the other hand, by Lemma |6T2l we have 



log 4 < log(2n£ + ^-) + F /o log vol(S / ,(2/?)). 



Hence, we obtain 

(6.8) log Jao < log^nA" + Ml) + 6T'°( log vol(S p (2/?)) + log s/ m ) 



33 

+ io g (40) • J] / • <r' + iog(A- + -j) 2 o- 1 . 

From (16.71 ) and (16.81) . we have 

log /„ < \og{2nK + — ) + -6- l ° log (4C S R 2 ) 

00 -^,00 

+ io g (40) • ^ / • r' + io g (*r + — ) J] r' 

/=/o Mo 
< log(2nA: + — ) + y0-'° log (4C S (A7? 2 + 33)) + C(9, k). 
Taking /o such that 9 l ° < 8n, we get 

64« 2 r- 
log /«, < log(2«i<: + — — ) + C(n, V^diam(Q)). 
R 

This gives the desired result. □ 

The gradient estimate shows that any sublinear growth harmonic function on an Alexan- 
drdov space with nonnegative Ricci curvture must be a constant. Explicitly, we have the 
following. 

Corollary 6.5. Let M be an n-dimensional complete non-compact Alexandrov space with 
nonnegative Ricci curvature. Assume that u is harmonic function on M. If 

su PxeB„(r) l"(*)l 

lim — 

r— >oo f 

for some p € M, then u is a constant. 
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Proof. Clearly, for any q € M, we still have 

,. su PxeB„(r) M*)l „ 

hm = 0. 

r—*oo y 

Let 177 = su PveB,(r) Then 2«7 - u is a positive harmonic on S 9 (r), unless w is identically 
zero. By Theorem 16.41 we have 

su P.reB„(r)( 2 ^ " «) 3^ 

|Vk($)| < C(n) — < C(n)— . 

r r 

Letting r — > oo, we get \Vu(q)\ = 0. This completes the proof. □ 

As another application of the gradient estimate, we have the following mean value prop- 
erty, by using Cheeger-Colding-Minicozzi's argument in In smooth case, it was first 
proved by Peter Li in |[26l via a parabolic method. 

Corollary 6.6. Let M be an n-dimensional complete non-compact Alexandrov space with 
nonnegative Ricci curvature. Suppose that u is a bounded superharmonic function on M. 
Then 

udvol = inf u. 

Proof. Without loss of generality, we can assume that inf u = 0. 

Fix any e > 0, Then there exists some R(e) such that inf^^R) u < e for all R > R(e). For 
any R > 4R(e), we consider the harmonic function h% on B p (R) with boundary value /?# = u 
on dBp(R). By maximum principle and the gradient estimate of h^, we have 

sup hR < C(n) ■ inf /jr < C(n) ■ e. 

B„(R/2) W 

On the other hand, from the monotonicity of • J dB . hndvo\ on (0,R), (see the proof 
of Proposition 14.41) . we have 



lim t 

JdBJr) 



hjfdvol < C(n) I hftdvoX. 

JdBJR) JdBJR/2) 



>dB„(R) JdB„(R/2) 

Then we get 

\ ud\o\ - \ h R dvo\ < C{n) ■ e ■ vo\(dB p (R/2)). 

JdB p (R) JdB p (R) 

Therefore, the desired result follows from Bishop-Gromov volume comparison and the arbi- 
trariness of e. □ 
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